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Introduction
Remarkably, our current understanding of matter, contained in the Stan-
dard Model (SM) of Fundamental Particles and Interactions [1–7], provides
an incredibly accurate picture of subatomic physics. The Standard Model
is based on the principle of gauge invariance, which establishes a relation
between local symmetries and forces mediated by spin-1 particles, as well as
the interactions between the known fermions, once they are assigned to well
defined representation of the gauge group. This approach based on gauge
symmetries has proved to give a reliable picture of nature. The Standard
Model describes a large number of observed phenomena with very precise
predictions on particle properties and process rates, which predominantly
agree with the experimental data to a great accuracy, representing one of
the most successful theories in science of all time.
Despite the success, the Standard Model unfortunately fails to explain all
current experimental results. As a consequence, it is generally considered to
be an effective realisation of a more complete high-scale theory. The search
of this theory is the goal of Beyond the Standard Model (BSM) Physics.
A major inconsistency of the Standard Model with current experimen-
tal results is the prediction of massless neutrinos, which has clearly proven
to be wrong by the observation of neutrino oscillations. Starting from the
observation of a deficit of electron neutrinos from the Sun [8], and continu-
ing with the atmospheric neutrino problem and the verification by reactor
neutrino experiments, the discovery of neutrino oscillations is one of the
most important experimental achievements of high-energy physics in recent
decades and it establishes beyond doubt the existence of non-zero neutrino
masses [9–26].
Although neutrino flavour oscillation data prove the mixing of the neu-
trino weak eigenstates νe,µ,τ as they propagate as mass eigenstates, oscilla-
tions cannot give a definite answer to the still unknown absolute neutrino
mass scale or the dynamical origin of neutrino masses, including whether
neutrinos are Dirac or Majorana fermions. Data from solar and atmospheric
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oscillations [27], along with cosmology and other particle physics experi-
ments [28], point to mass scales in the range mν ∼ 0.01 − 1 eV, although
the last word should come from experiments directly measuring the absolute
neutrino mass, like KATRIN [29].
Neutrinos are generally very elusive and intriguing particles still evad-
ing our complete understanding. The smallness of the neutrino masses
compared to other fermions in the Standard Model and the fact that they
are the only fermions in the SM that can be Majorana, guide the direction
to be followed in BSM. How neutrino masses are generated is still unknown,
opening a window of possibilities for new physics. The idea that the neu-
trino mass generating mechanism is connected to other open questions of the
Standard Model is very compelling from a theoretical and phenomenological
point of view. Starting from the seesaw neutrino mass mechanisms, plenty
of models have been built and studied over the last decades. The different
seesaw mechanisms can explain neutrino masses with a minimal particle
content, but they require small couplings or high mass scales beyond the
scope of current and planned experiments. Among the many possibilities
in order to lower the new physics mass scale and move towards falsifiable
models, an attractive way is to raise the dimensionality of the mass operator
or generate masses radiatively via loops.
The thesis is structured as follows. After providing some brief intro-
duction to neutrino physics in Chapter 1, we focus on the generation of
neutrino masses. In Chapter 2 we review some of the most important neu-
trino mass mechanisms and introduce the main concepts and results of
systematic classifications of neutrino mass models, essential for the follow-
ing chapters. Chapters 3-5 are dedicated to the systematic classification
of radiative neutrino mass models. Chapter 3 contains the classification of
dimension 7 Majorana neutrino mass models generated at one-loop order,
in Chapter 4 we study systematically the decomposition of the Weinberg
operator at three-loop order, while in Chapter 5 we study the generation
of dimension four Dirac neutrino mass models at the two-loop level. We
then move to more specific models and mechanisms in Chapters 6 and 7.
In the former, we study the connection between the generation of neutrino
masses and the stability of dark matter analysing the breaking pattern of
lepton number. In Chapter 7 we study, from a model-independent point
of view, a particular realisation of the type-I seesaw which relies on the
radiative generation of neutrino Dirac couplings. Finally, we end with the
phenomenological analysis of some of the models discussed in the previous
3
chapters. Chapters 8 and 9 are devoted to the phenomenological analysis of
dimension 7 one-loop neutrino mass models and three-loop neutrino mass
models, respectively, while in Chapter 10 we discuss a very particular case of
neutrinoless double-β decay where electrons are emitted with opposite chi-
ralities along with a light scalar (Majoron). Two appendices can be found
at the end of the thesis with more details about the computation of the loop
integrals, discussed throughout the whole thesis, as well as the list of some
of the topologies and diagrams obtained from the classifications of neutrino




In 1930, Pauli proposed neutrinos to explain the apparent non conser-
vation of energy and spin in β decay [30]. These elusive particles were then
observed in 1953 by Reines and Cowan escaping from a nuclear reactor in
Savannah River [31].
More than a decade later, the Homestake experiment directed by Davis
[8], observed a discrepancy between the theoretical solar neutrino flux and
the one detected. This led to the hypothesis that neutrinos may be massive
particles that mix while propagating [32]. The explanation was confirmed in
1998 when Super-Kamiokande reported evidence for neutrino oscillations in
the atmospheric neutrino flux [11] and later SNO [16] and KamLAND [17]
corroborated solar neutrino oscillations.
The purpose of this chapter is to briefly review the key facts about
neutrino physics, paying special attention to neutrino flavour oscillations.
We refer the interested reader to [33–35] for details.
1.1 Neutrino oscillations
The concept of neutrino oscillations was first proposed in 1957 by Bruno
Pontecorvo [36,37] considering neutrino–antineutrino mixing, in analogy to
the oscillation of neutral kaons. In 1962, Maki, Nakagawa and Sakata
developed the idea that there is a mismatch between the interaction and
propagation eigenstates [38]. The hypothesis that oscillations occur due to
interference between different massive neutrinos was then further developed
by Pontecorvo [39].
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1.1.1 The leptonic mixing matrix
The oscillation comes from the fact that neutrinos are massive and, in
general, their mass and flavour eigenstates do not coincide. Both basis,
flavour and mass, are related to each other via a unitary mixing matrix,
analogous to the Cabibbo-Kobayashi-Maskawa (CKM) mixing matrix in
the quark sector [40, 41]. Thus, the three neutrinos νi (i = 1, 2, 3), which
propagate with masses mi, are linear combinations of the three neutrino
flavour or weak eigenstates να (α = e, µ, τ), or vice-versa. In the basis in
which the charged lepton Yukawas are diagonal,
|να〉 = U∗αi |νi〉 , (1.1)
where the summation over repeated indices is understood. U is the lepton
mixing matrix or PMNS (after Pontecorvo, Maki, Nakagawa and Sakata)
matrix [42], a 3 × 3 unitary mixing matrix that relates both basis. This
matrix is usually parametrised as the product of three different rotations,
U =
 c12c13 s12c13 s13e
−iδ
−s12c23 − c12s23s13eiδ c12c23 − s12s23s13eiδ s23c13
s12s23 − c12c23s13eiδ −c12s23 − s12c23s13eiδ c23c13
 (1.2)
× diag( 1, e−i α21/2, e−i α31/2 ) ,
where sij = sin θij and cij = cos θij. δ is the Dirac CP phase, while α21
and α31 (Majorana phases) are two additional phases, consequence of the
special properties of Majorana fermions [43]. These phases are zero for
massive Dirac neutrinos.
1.1.2 Oscillation in vacuum
Neutrinos are produced as flavour eigenstates via charged currents (CC)
or neutral currents (NC) mediated byW± bosons or Z bosons, respectively.
However, in vacuum the mass-defined states νi are eigenstates of the free
Hamiltonian,
H0 |νi〉 = Ei |νi〉 , (1.3)
with eigenvalues E2i = ~p 2 + m2i . These eigenstates evolve with the usual
time-evolution operator e−i Eit. This time dependency can be related di-
rectly to the weak eigenstates by means of (1.1). Therefore, we see that
flavour eigenstates at time t are a superposition of flavour eigenstates at
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time t = 0, and we can calculate the probability of an initial neutrino of
flavour α oscillating to a flavour β at a time t,
Pαβ(t) = | 〈νβ|να(t)〉 |2 = U∗αiUβiU∗βjUαj e−i (Ei−Ej)t . (1.4)
For relativistic neutrinos, and using the equal momentum approximation
E = |~pi|,
Ei ≈ E +
m2i
2E . (1.5)
Considering also that neutrinos travel very close to the speed of light, we
can take t = L, with L the distance travelled. We then rewrite (1.4) as,
Pαβ(t) = | 〈νβ|να(t)〉 |2 = U∗αiUβiU∗βjUαj e−i
∆m2
ij
2E L , (1.6)
with ∆m2ij = m2i −m2j .
1.1.3 Experimental status
Neutrino oscillations depend on several parameters that need to be mea-
sured. From (1.2) we have three angles and the δ CP phase, as the oscil-
lation probability (1.6) does not depend on the diagonal Majorana phases.
The probability (1.6) shows that oscillation experiments are also sensitive
to two mass-squared splittings, normally taken to be ∆m221 = ∆m2sol and
∆m231 = ∆m2atm. This last remark leaves some open questions, for instance,
the hierarchy of the masses is compatible with:
• Normal Hierarchy (NH) or Ordering (NO): m1 < m2 < m3
• Inverted Hierarchy (IH) or Ordering (IO): m3 < m1 < m2
Oscillation experiments cannot measure the absolute neutrino mass scale,
they can only set lower bounds to the sum of the masses depending on the
ordering: ∼ 0.06 eV for NO and ∼ 0.1 eV for IO, where the best fit values
in table 1.1 have been used.
Finally, considering the absolute neutrino mass scale, other experiments
set constraints to its value. Cosmological observations provide the tight-
est limit on the sum of the neutrino masses, as neutrinos contribute to
the energy density of the universe and the growth of large scale struc-
tures. However, this bound depends on assumptions made about the expan-
sion history, as well as on the data included in the analysis, ranging from
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Figure 1.1: Ordering of the neutrino mass eigenstates. Colours represent
the contribution of each flavour: electron, muon and tau are given in red,
blue and green, respectively.
Parameter Best fit ± 1σ
∆m221 [10−5 eV2] 7.50+0.22−0.20
|∆m231| [10−3 eV2] (NO) 2.56+0.03−0.04
|∆m231| [10−3 eV2] (IO) 2.46 ± 0.03
sin2 θ12 / 10−1 3.18 ± 0.16
sin2 θ23 / 10−1 (NO) 5.66+0.16−0.22
sin2 θ23 / 10−1 (IO) 5.66+0.18−0.23
sin2 θ13 / 10−2 (NO) 2.225+0.055−0.078
sin2 θ13 / 10−2 (IO) 2.250+0.056−0.076
δ / π (NO) 1.20+0.23−0.14
δ / π (IO) 1.54 ± 0.13
Table 1.1: Neutrino parameters from the global fit [27,44] (see also [45,46]
for other global fits).
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Σmν < (0.11 − 0.54) eV (95% C.L.) [28]. Tritium β decay (KATRIN ex-
periment) provides bounds on the so-called effective electron neutrino mass,
m2νe =
∑
m2i |Uei|2 < 1.1 eV (95% C.L.) [29]. Moreover, for Majorana neutri-
nos, neutrinoless double-beta (0νββ) decay is proportional to the effective




ei|. Currently the best limit is
mββ = 100 meV [47], sensitive to the masses, mixings and also phases.
1.2 Dirac vs. Majorana
Neutrinos are Weyl fermions, i.e. two-component spinors. Given that a
local quantum field theory must be invariant under the CPT transformation
(charge conjugation, parity and time reversal), the theory must contain the
CPT conjugate of a neutrino field with spin ±1/2 and momentum ~p, i.e.
CPT |ν(~p,±1/2)〉 = |ν̄(~p,∓1/2)〉 , (1.7)
which describes an antineutrino. Consequently, one cannot distinguish the
initial neutrino from its CPT conjugate, unless there is an additional quan-
tum number. Thus, it is said that neutrinos are their own antiparticles, and
they are represented by a Majorana spinors.
On the other hand, if an additional symmetry exists, for instance lepton
number, it may help distinguishing neutrinos from their CPT conjugates.
Then neutrinos are Dirac particles. Note the difference between neutrinos
and other Standard Model fermions, as for the latter electric charge differ
for particles and antiparticles.




LνL + h.c. . (1.8)
Majorana neutrinos have only two internal degrees of freedom and their
mass term violates any symmetry, except (Z2)n.
For Dirac neutrinos, two more degrees of freedom, in the form of another
Weyl spinor, are needed. This new right-handed state is normally denoted
by νR or N . The mass term connects opposite chiralities as,
mD ν̄RνL + h.c. . (1.9)
1Two-component spinor notation is described in detail in [48].
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Indeed, a Dirac neutrino correspond to twoWeyl spinors degenerate in mass.
In full generality, considering also the right-handed neutrino νR, we can









RνR + h.c. , (1.10)
with several possibilities depending on mL, mR and mD.
• mL = mR = 0: Dirac neutrinos with mass mD.
• mD = 0: νL and νR are both Majorana neutrinos with masses mL and
mR, respectively.
• mD 6= 0 and, at least one of mL, mR is not vanishing: neutrinos are
Majorana with masses obtained by diagonalising the corresponding
mass matrix (see section 2.1).
Whether neutrinos are Dirac or Majorana particles is still an open ques-
tion. Neutrino oscillations do not distinguish between the Dirac and Ma-
jorana nature of neutrinos, as the same probabilities are obtained for both
options. A possible way to distinguish whether neutrinos are Dirac or Majo-
rana fermions, would be an observation of a lepton number violating process,
as we will discuss later.
1.3 The Weinberg operator
There has been a huge effort in the field to understand how the masses
of the neutrinos are generated and why it is so small compared to those
of the Standard Model fermions. In the vast majority of the literature,
neutrino are considered to be Majorana particles. There are several reasons
behind this bias in favour of Majorana neutrinos. For instance, they have a
far richer phenomenology than Dirac neutrinos, due mainly to the violation
of lepton number. Also, Dirac neutrinos require the addition of νR and,
consequently, we have to forbid their mass term mR. This can be done
by imposing an extra symmetry or forcing an accidental symmetry to be
exact, like lepton number. Even if mR is absent, we will still have to deal
with a severe hierarchy of several orders of magnitude to explain, via the
Higgs mechanism, the masses of the charged leptons and the neutrinos.
These arguments led people to argue that it does not seem very natural for
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neutrinos to be Dirac particles. However, there has been a recent increase
of interest in Dirac neutrinos, as we will explain in the next chapter.
For now, we consider the Standard Model, where lepton number is an
accidental global symmetry. What is meant by accidental symmetry, is that
taking the Standard Model as a low-energy effective theory, one can find
at least one higher dimensional operator which is invariant under the Stan-
dard Model gauge group, but violates the accidental symmetry. For lepton
number, one finds that the lowest dimensional operator which violates lep-







∗ H̃† + h.c. , (1.11)
with the usual notation H̃ = iσ2H∗. Here, cαβ is some coefficient which is
model-dependent, while Λ is the scale of new physics.
After electroweak symmetry breaking, the Weinberg operator leads to





with v the vacuum expectation value (VEV) of the Standard Model Higgs.
The smallness of the neutrino masses corresponds then to choosing for Λ a
very large scale, say Λ ∼ O(1014) GeV, in which case neutrino masses are of
the (sub-)eV order for cαβ ∼ O(1). However, cαβ could be naturally much
smaller than one, resulting in correspondingly lower values for the energy
scale Λ at which lepton number is violated. There are two simple ways of
realising such a suppression: (i) neutrino masses might be radiatively gen-
erated, in which case cαβ ∝ 1/(16π2)n, where n is the number of loops; (ii)
higher d-dimensional operators might be responsible for neutrino mass gen-
eration, note that such operators are always of the form OW × (H†H)
d−5
2 ;
or (iii) cαβ could be small either due to some small coupling in the corre-
sponding model or due to some nearly conserved symmetry.2
In the literature, there is a huge variety of models which address the UV
completion of Weinberg operator or higher order operators based on OW .
We will discuss the most relevant models in Chapter 2. Also, several sys-
tematic studies of all the realisations of the Weinberg operator considering
2R-parity violating supersymmetry is an example of the former [50, 51], models such
as the inverse [52] or the linear [53,54] seesaw are examples of the latter.
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a fixed number of loops and dimensions have been done [55–65]. We will
briefly review some of them in the next chapter, while in Chapter 3 and
Chapter 4 we will explain in detail the classification of all the realisations of
the operator OW × (H†H) at one-loop level, and the Weinberg operator at
three-loop level, respectively. But before, we shall discuss one of the most
interesting process in neutrino physics, namely neutrinoless double-β decay.
1.4 Neutrinoless double-β decay
Double-β decay is a nuclear process in which a nucleus transitions to
another one with two more protons and the same mass number, emitting
two electrons and, possibly, other light particles. In the Standard Model
these light particles are two antineutrinos and the process is called two-
neutrino double-β (2νββ) decay. 2νββ conserves lepton number and it can
be thought as two simultaneous beta decays. This decay is among the rarest
processes ever observed with half-lives around 1021 years and longer [66].
Of special interest is the case where only the two electrons are emitted,
i.e. the process called neutrinoless double-β (0νββ) decay,3
A
ZX → AZ+2X + 2 e− . (1.13)
The process violates clearly lepton number by two units, since there are
only two leptons emitted. Consequently, it univocally requires neutrinos to
be Majorana, as will be discussed later. For this reason, there has been
a strong experimental effort to observe 0νββ, though unfortunately, it is
predicted to be extremely rare. Current experimental searches set bounds
on its half-life around 1026 years.
An updated list of current and future major experiments searching for
0νββ can be found in table 1.2. The majority of the experiments use 76Ge,
130Te, or 136Xe. One of the most important quantities that characterises
each isotope is the available energy in the process, i.e.
Qββ = EI − EF − 2me , (1.14)
with EI and EF the energies of the initial and final nuclei. The decay rate
Γ0νββ is proportional to the fifth power of Qββ, so isotopes with a higher
value of Qββ are better for 0νββ decay searches. For example, germanium
detectors have the best energy resolution, but a low Qββ value and high
3For reviews, see for example [67,68].
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Experiment Isotope T1/2 [y] (limit)
CUORE [69] 130Te 3.2× 1025
EXO-200 [70] 136Xe 3.5× 1025
nEXO [71] 136Xe [∼ 1027 − 1028]
GERDA [72] 76Ge 1.8× 1026
KamLAND-Zen [47] 136Xe 1.1× 1026
LEGEND [73] 176Ge [∼ 1027 − 1028]
NEXT-100 [74] 136Xe [6.0× 1025]
SNO+ [75] 130Te [7.0× 1026]
SuperNEMO [76] 150Nd / 82Se / 48Ca [∼ 1026]
Table 1.2: Overview of some of the main experiments searching for 0νββ
decay. We give the current and future limits on the half-life of the process.
The latter shown in brackets. All the values are given at 90% confidence
level. A more complete and detailed list can be found in [77].
fabrication costs. Meanwhile, 130Te is quite abundant and has a relatively
high Qββ. However, the most used isotope is 136Xe, because its Qββ is
similar to tellurium and it is a scintillating noble gas.
Currently, the most stringent bounds on 0νββ decay come from 136Xe
at KamLAND-Zen experiment [47] and 76Ge at GERDA [72]:
TGe1/2 > 1.8 × 1026 y (90% CL) ,
TXe1/2 > 1.1 × 1026 y (90% CL) .
1.4.1 The black-box theorem
We discuss now one of the most important theoretical results in neutri-
noless double-β decay, the black-box or Schechter-Valle theorem [78]. The
theorem connects tightly Majorana neutrinos with 0νββ, i.e. it states the
equivalence
Majorana neutrinos ⇐⇒ 0νββ decay






Figure 1.2: Diagrammatic representation of the black box theorem [78]. The
existence of the dimension 9 operator responsible for 0νββ decay, implies
the presence of the Majorana mass operator νLνL.
To the right, the statement that a Majorana mass term νLνL automatically
implies the existence of 0νββ is straightforward. The corresponding diagram
is given in figure 1.3. Similarly, the reverse statement indicates that given
the effective 0νββ decay operator,
O0νββ = ēcēcdcdcūcūc , (1.15)
the operator νLνL can be generated by attaching only Standard Model ver-
tices. This implication is known as the black-box theorem [78], depicted in
figure 1.2.
1.4.2 The mass mechanism
In the literature, 0νββ decay which is mediated by the Majorana mass of
the light neutrinos is often called the mass mechanism, depicted in figure 1.3.
Neutrino masses are generated by the Weinberg operator (1.11) (mainly,
νLνL at low energy), and introduces a chirality flip or mass insertion denoted
by a cross in figure 1.3.
How the 0νββ decay rate depends on the masses of the neutrinos can
be seen by computing the amplitude, or at least a piece of it. We can write
the internal neutrino line and the W vertices, rotating to the mass basis by
means of the leptonic mixing matrix (1.2), as
∑
i





















Figure 1.3: The standard mass mechanism of 0νββ decay. Note that when
including the mass insertion via the operator νLνL (OW ), represented by a
cross, the operator O0νββ is automatically generated within the Standard
Model.
where we have neglected the light neutrino mass m2i in the denominator.
Thus, the standard mass mechanism is sensitive to what is known as the





Indeed, mee is the first entry of the neutrino mass matrix. Note that as
the decay rate is the absolute value squared of the amplitude, results are
normally given and denoted in terms of mββ ≡ |mee|. Finally, considering
the parametrisation of the leptonic mixing matrix given in (1.2), the effective
Majorana mass can be written as a function of the oscillation parameters
as,
mee = c212c213m1 + c213s212m2e−iα21 + s213m3e−iα31−2iδ . (1.18)
The dependence of mee (mββ) on the lightest neutrino mass is depicted in
figure 1.4. The figure is scanned over all possible values of the phases. A
cancellation of mββ appears around α21 = (α31 + 2δ) = (2n + 1)π (n ∈ Z)
only for normal hierarchy for a small range of the lightest neutrino mass.
In the unfortunate case where mββ is very small, neutrinos can be still
Majorana but the observation of 0νββ would be impossible.
Currently, experiments are starting to test the inverse ordering region.
The non-observation of a signal would imply that the hierarchy is not in-
verted or that neutrinos are Dirac, if the inverted hierarchy is confirmed by
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Figure 1.4: Effective Majorana mass (1.18) as a function of the lightest
neutrino mass for both hierarchies. The lighter shadow corresponds to 3σ
uncertainties in the oscillation parameters. The plot scans over the Ma-
jorana phases. We give the most optimistic current and planned searches
sensitivities, as well as a rough estimate of the sensitivity of a hypothetical
future experiment with a mass of 100 tons [79]. Plot adapted from [80].
other measurements. For inverse hierarchy, the minimal value of the effec-
tive neutrino mass corresponds to ∼ 0.02 eV and a half-life of order 1027 y.




In this chapter we briefly review some of the most popular models for
Majorana and Dirac neutrinos. We start with the usual seesaw models
for Majorana neutrinos, then introduce radiative models and other relevant
frameworks, such as left-right symmetric models, Majoron models, etc. We
take a similar approach for Dirac neutrinos in section 2.2. The last section
is devoted to systematic classifications of radiative models. We introduce
several important concepts, as well as previous classifications, useful for the
following chapters.
2.1 Majorana neutrinos
As pointed out in the previous chapter, one possible way to explain
neutrino masses is by generating the Weinberg operator OW (1.11), or
some generalisation of it, as the dimension d Weinberg-like operator Od ≡
OW × (H†H)
d−5
2 . Now the task is to derive one of these operators from a
UV complete theory, i.e. to open up the operator. The operator can then be
realised at tree-level or via loops by adding new particles to the Standard
Model. It is important to note that normally an infinite number of such op-
erators will be generated and one should identify the dominant contribution
to neutrino masses.
In full generality, the neutrino mass scale generated by the operator Od
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Figure 2.1: Estimate of the mass scale Λ for which a neutrino mass model
with dimension d and n loops can explain correctly the observed neutrino
masses. The height of the colour bars is due to variation of the average
values of the couplings 〈y〉. A rough estimate of the bounds set by colliders
are given. Figure from [63].
with ε some small number that may arise, for instance, due to an additional
suppression of lepton number violation, or small dimensionless couplings.
From (2.1) we can roughly estimate the typical mass scale Λ for a given
dimension d and number of loops n, considering different values for the
couplings (encoded in ε). This is done in figure 2.1 up to four-loops and
d = 13, varying the average of the couplings 〈y〉 by two orders of magnitude.
Different estimates of the bounds set by colliders are shown in figure 2.1.
LEP gives a lower limit of roughly 100 GeV on the mass of electrically
charged particle that couple to the Standard Model fermions [42]. For the
LHC, the limit goes from the most conservative estimate considering pair
production of charged particles, to the upper edge of the grey band that
shows roughly the reach of the LHC for particles produced in s-channel

















Figure 2.2: Seesaw neutrino mass mechanisms. This corresponds to the
minimal openings of the Weinberg operator at tree-level.
diagrams with or without colour. Finally, the reach of a hypothetical
√
s =
100 TeV collider (FCC), is denoted as a dashed line. Thus, neutrino mass
models generated at d = 9 or higher, as well as higher loop realisations,
should be testable in the near future.
2.1.1 Tree-level models
The simplest way to open the Weinberg operator is at tree-level. Starting
from the expression (1.11), by doing Fierz transformations and taking into






















where σ is the 3-vector of Pauli matrices. The first corresponds to the
coupling of LH to a hyperchargeless fermion singlet, the second equality to
a scalar triplet with hypercharge 1 and the last to a hyperchargeless fermion
triplet. In the simplest scenario, these cases correspond to the well-known
type-I, -II and -III seesaws [81–87]. The diagram for each seesaw is depicted
in figure 2.2. Of course, other realisations of the Weinberg operator, or
higher dimensional Weinberg-like operators, at tree-level are possible, as we
will discuss later.
Type-I seesaw
By adding to the Standard Model a gauge singlet (right-handed neu-
trino) N with a Majorana mass MN neutrino masses are generated by the
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diagram in figure 2.2a. The number of copies of N is in principle free,
though at least two are needed in order to fit neutrino oscillation data.










+ h.c. , (2.3)







Here mD = Yνv/
√
2 corresponds to the Dirac mass term for neutrinos.
For MN >> mD one can approximate the light and heavy neutrino mass
eigenvalues as,
mν ≈ −mD ·M−1N ·mTD , (2.5)
mR ≈MN . (2.6)
Thus, explaining the smallness of the neutrino masses by the hierarchy
between the electroweak scale and the new mass scale MN . Indeed, for
couplings order one and considering mν ∼ 0.1 eV, MN should be around
1014 GeV, unfortunately far beyond the experimental reach.
Type-II seesaw
In the type-II seesaw the opening of the Weinberg operator is done with
a scalar triplet with hypercharge 1, called ∆ = (∆++, ∆+, ∆0). This triplet











The relevant Lagrangian terms are then,
Lν = (Y∆ L∆L + µH∆H + h.c.) + M2∆ ∆†∆ , (2.8)
where indices have been omitted for the sake of simplicity. As required for
Majorana neutrinos, lepton number is broken in two units by the simulta-
neous presence of Y∆ and µ.
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The presence of the coupling µ in (2.8) implies that ∆ gets an induced
VEV, 〈∆〉 = v∆/
√
2 for 〈H〉 6= 0. This is straightforward from the tadpole











and it is precisely where the seesaw relation is manifest, as the larger the
triplet mass is, its VEV gets smaller. The heaviness of the triplet is well
motivated by the fact that v∆ should be roughly below 1 GeV due to con-
straints from the Standard Model ρ parameter, and that ∆ mediates lepton
number and lepton flavour violating processes at tree-level. These can be
translated into strong bounds for its mass and couplings.
Type-III seesaw
This seesaw is analogous to the type-I seesaw, but with a triplet hyper-
chargeless fermion Σ = (Σ+, Σ0, Σ−) instead of the right-handed neutrino










+ h.c. , (2.11)
with Mν given in (2.4) by substituting MN by MΣ. The structure of this
model is identical to the type-I seesaw, although the gauge indices (not
explicitly shown) in these two models contract differently, due to the intro-
duction of triplets instead of singlets. The light neutrino masses follow an
analogous expression for MΣ >> mD,
mν ≈ −mD ·M−1Σ ·mTD . (2.12)
The main difference between the type-I and -III seesaws is the phe-
nomenology. As Σ has charged components with the same Majorana mass
that appears in the expression for the light neutrino masses, there are strin-
gent lower bounds on this mass scale from direct searches [88].
22 Chapter 2. Neutrino mass generation
Inverse and linear seesaw
In general, any number of singlets can be added to any gauge theory.
The inverse and linear seesaw models rely on a non-minimal lepton content,
adding extra lepton singlets to the type-I seesaw model. In these models,
lepton number is broken by a small parameter protected from radiative
corrections. This allows to fit neutrino masses with a much lighter right-
handed neutrino than in type-I seesaw.
In the basis (νL, N c, S), the mass matrix reads,1
Mν =




with M and µ mass matrices corresponding to the singlets, and mL a small
term mixing ν and S. Here, µ and/or mL are responsible of the breaking
of lepton number. If mL = 0 and µ 6= 0, then the models is called inverse
seesaw, while in the limit where µ = 0 andmL 6= 0, it is called linear seesaw.
The inverse seesaw was initially motivated by string theories [52, 89] as
low-scale tree-level scheme for generating light neutrino masses. Provided
the hierarchy µ << mD << M , the mass matrix can be easily diagonalised.
The light neutrino mass matrix can be written as,
Mν = mDM−1 µ (MT )−1mTD . (2.14)
The corresponding neutrino mass diagram is given in figure 2.3. Contrary
to the standard seesaws where the smallness of the neutrino masses is re-
lated to a large mass, here it is linked to the smallness of µ. In this kind of
scenarios, a small µ is considered to be natural, as in the limit µ → 0 the
symmetry of the theory is enhanced [90,91].
The linear seesaw was originally realised within left-right symmetry
models [53, 54], although later employed also in supersymmetric SO(10)
scenarios [92]. For this seesaw, the light neutrino mass matrix is given by,
Mν = mTDM−1mL + mTL (MT )−1mD . (2.15)
1Note that in full generality the second element of the diagonal is not necessarily
zero, but it is normally set to zero in the literature as it is irrelevant for the generation
of neutrino masses at tree-level.










Figure 2.3: Inverse seesaw neutrino mass mechanism. The smallness of
neutrino masses is associated to the smallness of the mass parameter µ.
Here the smallness of neutrino masses can be connected to the large scale
M , leaving the lepton number violating scale mL free. This is the most
interesting feature of this model, as it allows a low scale breaking of lepton
number which may be experimentally accessible, while keeping the neutrino
masses small.
Higher dimensional scenarios
As mentioned in the introduction of this section, other higher dimen-
sional Weinberg-like operators with dimension d, Od ≡ OW × (H†H)
d−5
2 ,
are also a possible way to explain the smallness of neutrino masses. Here,
we show just some examples to support the previous statement.
For the simplest possibility, d = 7, systematically studied in [57], only
one model exists which can account on its own for the neutrino masses.
The model, first discussed in [93] and usually called BNT (Babu-Nasri-
Tavartkiladze) for the authors, incorporates to the Standard Model particle
content a scalar quadruplet S and a vector-like pair of fermion triplets ΨL,R
with hypercharges 3/2 and 1, respectively. The corresponding neutrino
mass diagram is shown in figure 2.4. The model has a very particular
phenomenology due to the highly charged exotic particle it contains, along
with the usual lepton number and flavour phenomenology characteristic of
Majorana neutrino mass models [94–97].
For higher dimension operators (d = 9 and beyond), there are few exam-
ples of models in the literature [98–103]. For d = 9, 11 and 13 a systematic
classification of all possible diagrams and models has been recently done [63].
In this classification they found a total of 2, 2 and 6 models for d = 9, 11
and 13, respectively. It is worth to mention that among them, there are two










Figure 2.4: The only genuine tree-level diagram for d = 7 [93].
models (for d = 9 and 13) which can explain neutrino data using only new
exotic vector-like fermions. The neutrino mass diagrams for both models
are depicted in figure 2.5. As well as before, all these classes of models
required large SU(2)L representations and hypercharges and, consequently,
they have a very rich phenomenology [63].
2.1.2 Radiative models
Small Majorana neutrino masses may be also induced by generating
radiatively Od. As shown in (2.1), each loop adds a suppression factor of
1/16π2, lowering the new physics scale Λ (see figure 2.1).
In the following sections we shall show some examples of one-, two-
and three-loop models. We will focus in some of the most studied cases
to illustrated how radiative models work.2 Here, we consider only loop
realisations of the Weinberg operator (d = 5), although radiative high-
dimensional examples of models exist in the literature, and we will show
some of them in the following chapters.
One-loop realisations
Following the tree-level, the simplest realisation is the Weinberg operator
at one-loop. The two most studied neutrino mass models in this category
are the Zee model [104] and the scotogenic model [55]. The neutrino mass
diagrams for both models are depicted in figure 2.6.
2For a complete review see [62].









61/2 61/251 5143/2 43/231 31
H HH HH HH† H†
L L
H† H†
Figure 2.5: Two examples of genuine tree-level neutrino mass diagrams for
d = 9 and d = 13 [63]. Note that only fermions beyond the Standard Model
are needed and that for every new fermion, its vector-like partner should be
included. All fields are colour blind and the notations indicates the SU(2)L
representation and the hypercharge as a subscript.
The Zee model contains an extra Higgs doublet Φ and a singly-charged
scalar singlet h+. Both Higgses couple to leptons, while the singlet couples
to LL with an antisymmetric Yukawa in flavour space. Lepton number is
broken in two units by the trilinear coupling,
µZee H̃
†Φh+∗ + h.c. , (2.16)
which induces a mixing between the two physical charged scalars.
The neutrino mass matrix is approximately given by,
Mν ∝ µZee C (fikmkYkj − Ykimkfkj) , (2.17)
with f the antisymmetric Yukawa f ¯̃LLh+, Y the matrix of couplings of
leptons to Φ, i.e. Y LēRΦ†, and mk the SM charged lepton masses. C
contains some information of the mixings.
Note that in the limit where Y is diagonal, the diagonal elements of mν
vanish, resulting in neutrino mixing angles which are not compatible with
observations. This limit corresponds to the Zee-Wolfenstein model [105].














Figure 2.6: One-loop neutrino mass diagrams generated in the Zee model
[104] and the scotogenic model [55].
Moreover, it implies that at least some of the non-diagonal entries of Y
must be different from zero inducing LFV, like µ − e conversion in nuclei
and τ → µγ, and especially a significantly large BR(h→ τµ) [106].
The scotogenic model is by far one of the most popular neutrino mass
models mainly because it links dark matter to the radiative generation of
neutrino masses. The model adds to the SM particle content three fermions
Ni (i = 1, 2, 3), pure singlets under the SM gauge group, and a Higgs doublet
η = (η+ η0). The symmetry content is extended with a Z2 under which
the SM particles are even, while the new fields are odd. This symmetry
forbids the tree-level type-I seesaw (see figure 2.2a) and stabilises the lightest
particle odd under Z2.3 The latter, if neutral, will constitute a potentially
good dark matter candidate. This can be either the lightestN or the lightest
neutral scalar ηR or ηI , the CP-even and CP-odd components of η0.
In the scotogenic model, lepton number is violated by the Majorana









λ5 is responsible of the mass splitting between ηR and ηI , with ∆m2R,I =
λ5 v
2.
3Z2 is assumed to be preserved after electroweak symmetry breaking [107].






Figure 2.7: Two-loop diagram that generates neutrino masses in the Zee-
Babu model [110].

























with YN the Yukawa matrix associated to the coupling ηN̄L.
In the limit where λ5v2 << m2R,I ≡ m20 and all the new mass scales are









Comparing to the typical mass scale of the seesaw type-I (2.5), the scoto-
genic model gets an extra suppression factor of λ5/16π2. This means that
a new physics scale of order TeV can be achieved with λ5 ∼ 10−8, which al-
though small can be thought as natural as in the limit λ→ 0 lepton number
is conserved.
Two-loop realisations
Radiative Majorana neutrino mass models at two-loop level have been
studied over the last years connecting them to dark matter, see for ex-
ample [108, 109]. Here we present Zee-Babu model [110] as an example,
although it does not contain a dark matter candidate, it has been exten-
sively analysed in the literature due to its minimal particle content and
interesting phenomenology.
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Similarly to the Zee model, the Zee-Babu model only contains scalars
beyond the Standard Model particle content. In particular two singlets: a
singly charged h+ and a doubly charged k++. Lepton number is violated
by the trilinear term µZB h+ h+ (k++)∗. Note that this term cannot be
arbitrarily large, as it participates at loop level in the charged scalar masses,
roughly |µZB| < 4M , with M = max(mh, mk) [110].






mαmβ fiα gαβ fjβ I , (2.21)
where mα,β are the charged lepton masses, f is the antisymmetric Yukawa,
identical to the Zee model, and g the symmetric Yukawa associated to
the interaction ēcR eR k++. I is the two-loop integral, function of the ratio
of masses m2k/m2h [111]. Given that f is an antisymmetric 3 × 3 matrix,
the rank of the neutrino mass matrix is 2, i.e. at least one neutrino will
remain massless. Another interesting feature of this model is due to the
presence of the doubly charged singlet. k++ mediates the charged lepton
flavour violating (CLFV) decay li → lj l̄kln at tree-level. This provides very
stringent limits on the Yukawa g.
Three-loop realisations
There are few examples of three-loop realisations of the Weinberg oper-
ator in the literature. Although compelling models exists, the complexity
of three-loop integrals becomes a major drawback, as very few analytical
solutions are yet known. Nevertheless, there are famous examples, widely
studied, like the KNT (Krauss-Narsi-Trodden) model [112] or the Cocktail
model [113]. Moreover, the former was the first radiative neutrino mass
model with a stable dark matter candidate participating in the loop.
We shall not enter into detail here, but refer to Chapter 4 and Chapter 9.
2.1.3 Other frameworks
Majoron models
The basic idea behind Majoron models is that the global lepton number
symmetry of the Standard Model is spontaneously broken, giving a Majo-
rana mass term for neutrinos. As a consequence, after lepton number is
broken, a massless Nambu–Goldstone boson is generated, the Majoron J .
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The simplest version of the Majoron models includes three right-handed
neutrinos N and a complex scalar Higgs singlet σ with 2 units of lepton
number. This singlet couples to the right-handed neutrinos through,
1
2 Y1N
TσN + h.c. . (2.22)
When σ acquires a VEV, 〈σ〉 6= 0, lepton number is broken and N gets a
Majorana mass term, dynamically realising the type-I seesaw neutrino mass
matrix (2.4), with MN = Y1 〈σ〉. The complex field σ can then be written
in terms of two real fields,
σ = 1√
2
(〈σ〉+ ρ+ iJ) , (2.23)
where J is the massless Goldstone boson associated to the spontaneous
breaking of lepton number4 and ρ is a massive boson field.
Left-Right symmetric models
One minimal extension of the Standard Model is the so called left-right
symmetric models [118–121]. Parity is broken in the Standard Model, but
it seems attractive to hypothesise that it is restored at some higher energy.
The minimal left-right extension of the Standard Model is based on the
gauge group,
GLR = SU(3)C × SU(2)L × SU(2)R × U(1)B−L , (2.24)
where B− L is the difference between baryon and lepton number. Now,
right-handed fermions are doublets under SU(2)R, which automatically in-
troduces a right-handed neutrino, as well as a new gauge boson WR.
Regarding the Higgs sector of left-right symmetric models, the minimal
model contains a scalar bi-doublet φ transforming as (1,2,2, 0) under GLR
and, either a pair of triplets ∆L ≡ (1,3,1,−2) and ∆R ≡ (1,1,3,−2), or a
pair of doublets χL ≡ (1,2,1,−2) and χR ≡ (1,1,2,−2).
The left-right symmetry is broken in two steps. First, the right-handed
scalar gets a VEV vR breaking parity and leaving the Standard Model gauge
group. This gives a mass to WR proportional to vR. Afterwards, the bi-
4It has been conjectured that gravity violates global symmetries, then the Majoron
will acquire a mass through nonpertubative gravitational effects [114,115] and it can be
considered a source of dark matter [116,117].
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doublet acquires a VEV and breaks the Standard Model gauge group as
usual to SU(3)C×U(1)Q. Note that the left-handed scalar triplet (doublet)
acquires too a VEV vL with vR >> vL, in agreement with the ρ parameter.
Neutrino masses are then a combination of type-I and type-II seesaws,





where mR (mL) is proportional to vR (vL), while mD is a function of the
VEVs of the bi-doublet φ. The resulting light neutrino mass matrix is then
given by,
MI+IIν = mL − mD(mR)−1mTD . (2.26)
Grand Unified Theories
Left-right symmetric models and other extensions of the Standard Model
can be understood as a step towards a Grand Unified Theory (GUT), like
SU(5) or SO(10) [122,123]. In general, a GUT is a theory based on a simple
Lie group that contains the Standard Model as a subgroup. GUTs always
contain exotic fields that couple to quarks and leptons, therefore violating
lepton and baryon numbers. Phenomenologically, new processes like proton
decay or neutron-antineutron oscillations become possible, which constrain
the theory considerably.
Among all the possible Grand Unified Theories, a famous framework are
models based on SO(10). These models contain the GLR as a subgroup and,
consequently, a right-handed neutrino and neutrino masses through a seesaw
mechanism. However, it is remarkable that the right-handed neutrino is
needed to complete the spinorial 16 representation of SO(10), unifying all
fermions of each family into a single representation.
For a detailed discussion about neutrino masses in GUTs we refer to [33].
2.2 Dirac neutrinos
Neutrino masses and the existence of dark matter are the two most
important pieces of evidence that the Standard Model is not the final theory
of nature. Among the open questions about neutrino physics, probably the
most important one is the nature of neutrinos, namely if neutrinos are Dirac
or Majorana particles. So far we lack any experimental or observational
2.2. Dirac neutrinos 31
evidence in favour of one or the other, in spite of the big experimental effort
in the last decades, as for instance, in neutrinoless double-β decay.
From a theoretical point of view, Majorana neutrinos have garnered
much more attention. Several seesaw and radiative mass generation mecha-
nisms for Majorana neutrinos have been known for a long time. In contrast,
Dirac neutrinos have received relatively little attention. However, in the
last few years there has been a renewed interest in looking at mass mod-
els for Dirac neutrinos. In this direction, several seesaw mechanisms and
loop models for Dirac neutrinos have been recently proposed, see for exam-
ple [124–130]. In this section, we will briefly review some cases to illustrate
Dirac neutrino mass models.
2.2.1 Tree-level models
Differently from the Majorana case, to generate Dirac neutrino masses
we need to introduce at least two copies of the right-handed neutrino νR.
We need a symmetry that allows the Dirac mass term Yν LHν̄R, but forbids
a Majorana mass for νR, in order to not realise a type-I seesaw. This sym-
metry can in principle be lepton number or some subgroup of it. The main
drawback from this simple approach is that Yν should be ridiculously small,
compared to other Yukawas in the Standard Model, to explain neutrino
oscillation data.
Recently, several models for Dirac neutrinos have been proposed in anal-
ogy to Majorana seesaw scenarios [131]. Forbidding the Dirac mass term
LHν̄R by some symmetry, they add some new scalar(s) so that a dimension
5 Weinberg-like Dirac operator is allowed, i.e. an operator of the type,
1
Λ LH ν̄RX , (2.27)
where X can either be a scalar singlet χ or triplet ∆ with no hypercharge.
The operators are then opened in all possible gauge invariant ways getting
models that resemble the three seesaw Majorana models, with an analogous
mass suppression mechanisms. Either the smallness of neutrino masses is
due to a small induced VEV or to a new heavy mediator with a large vector-
like mass.
The diagrams for all possible realisations of the operator (2.27) for
X = χ are depicted in figure 2.8. For the triplet version with ∆ we re-
fer to the original publication [131]. Note that one of the main differences
between Majorana and Dirac models is that the latter always need some

















Figure 2.8: Neutrino mass diagrams representing the Dirac analogues to
the standard Majorana seesaws. NL,R and EL,R are vector-like fermions
with SM quantum numbers (1,1, 0) and (1,2,−1/2). σ is a doublet with







Figure 2.9: One-loop Dirac neutrino mass diagram. It is analogous to the
well-known scotogenic model, in the sense that it contains mainly the same
particle content (except χ0) and that a Z2 symmetry running in the loop
stabilises dark matter.
extra symmetry allowing (2.27) but broken to effectively generate the Dirac
mass term LHν̄R.
2.2.2 Radiative models
Radiative Dirac neutrino models have been proposed with one-loop and
two-loops to explain the smallness of neutrino masses, along with a stable
dark matter candidate. Similarly to the scotogenic model, a symmetry is
needed to ensure the stability of a dark matter candidate participating in
the loop. This symmetry is usually taken to be a simple Zn, either enforced
by hand or residual from the breaking of some U(1) symmetry, like for
example lepton number.
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In figure 2.9 we can find an example of a one-loop Dirac mass diagram
with a dark matter candidate. The model is thought of as a Dirac analogy
of the scotogenic model, proposed by the same author [124]. Apart from the
field already appearing in figure 2.6, it contains an extra hyperchargeless
colourblind singlet χ0. The model includes two extra Z2 symmetries: one
softly broken in the trilinear term H†η χ0 to forbid the tree-level Dirac mass
term but allow the loop, and other exact Z2, in the spirit of the scotogenic
model, under which only the particles inside the loop are odd. This last Z2
stabilises the dark matter candidate that can be either of the three neutral
particles running in the loop, depending on the mass hierarchy.
A further discussion about radiative Dirac neutrino mass models at one-
and two-loop level can be found in Chapter 5 and Chapter 6.
2.3 Systematic classifications
In this section we give an introduction to classifications of neutrino mass
models, as some of the chapters of this thesis will be devoted to them. Sys-
tematic classifications are a useful tool, especially for model-building. The
main idea behind them is to build all possible diagrams that generate a cer-
tain neutrino mass operator and classify them according to some common
characteristics. This categorisation allows then to extract general conclu-
sions that can be applied to a whole set of diagrams or models. The different
classes of diagrams depend on the operator that is generated, the classes can
be organised according to whether the corresponding diagram is the dom-
inant contribution to neutrino masses, an estimate of the neutrino mass
scale they can fit or even regarding the minimal particle content they need
in order to explain neutrino masses.
2.3.1 Genuine topologies, diagrams and models
As a starting point, we introduce the following nomenclature, that will
be used throughout the text. We shall call topologies to be those Feynman
diagrams where no property of the fields is considered (in graph theory, these
are also known as un-directed multi-graphs). If scalars are differentiated
from fermions, we will call them diagrams. If additionally the quantum
numbers of the internal particles are specified, we will use the expression
model-diagrams (or just model when it is clear from the context what we
mean by this word).
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Let us discuss now the concept of genuine model-diagram, diagram and
topology in the context of classifications. Essentially, we want to identify
this concept with those model-diagrams (plus their associated diagrams and
topologies) for which the leading contribution to neutrino masses arises at
a particular loop level, without the need to introduce extra symmetries.
It is important to keep in mind that, in general, loop integrals have a
finite and an infinite part. Infinite integrals require a lower order counter
term in a consistent renormalisation scheme. Thus, models with infinite n-
loop amplitudes must necessarily also generate neutrino mass diagrams with
fewer loops, and for that reason model-diagrams with an infinite amplitude
are not genuine in our sense. However, certain diagrams lead automatically
only to finite loop integrals, in which case it might be possible to build
genuine model-diagrams from them.
Finiteness of the amplitude of a model-diagram is therefore a neces-
sary condition for it to be genuine. However, it is not sufficient: it is
also necessary to ensure that there are no other automatically generated
model-diagrams with less loops. Consider neutrino masses generated via















As such, for diagrams with a characteristic scale Λ ∼ TeV, removing a loop
(`→ `−1) and increasing the operator dimension by two units (n→ n+1)
leaves Mν with roughly the same value. So in order to have a dominant
(d, `) contribution to neutrinos masses, those with (d′, `′) = (d− 2i, `− j)
and j > i should be absent.5 Genuine model-diagrams are those associ-
ated to these cases; in other words, the combination of fields participating
in genuine model-diagrams must not be sufficient, by itself, to generate
other more important neutrino mass contributions. For example, a model
with a right-handed neutrino, νR, will also give a d = 5 tree-level con-
tribution to the neutrino mass (unless an additional symmetry is used to
eliminate some unwanted couplings), which will likely be the more impor-
5Note that by closing some pairs of H/H† external lines it will always be possible to
find other contributions with (d′, `′) = (d− 2i, `− i).
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tant one. Stated in this way, genuineness is a concept which applies to
model-diagrams. However, the list of such cases is infinite, in principle, as
there are endless possibilities of assigning quantum numbers to the internal
particles. We will therefore be interested in cataloguing those diagrams and
topologies for which there exists at least one genuine model-diagram. These
topologies and diagrams will be considered genuine themselves.
2.3.2 Realisations of the Weinberg operators
We start with the classifications of the Weinberg (d = 5) and dimension
d > 5 Weinberg-like operators, i.e. OW and Od. Classifications exist up to
d = 13, but only for d = 5 and d = 7 at the loop level, up to three-loops
and one-loop, respectively.
One-loop d = 5
A systematic analysis of all one-loop d = 5 topologies has been given
in [58]. In total, 6 topologies where found, but only two of them (denoted
as T-1 and T-3) can give genuine models. All other topologies lead either
to non-renormalisable models or diagrams with infinite loop integrals (thus
representing loop corrections to tree-level quantities) 6 or can be understood
as finite one-loop realisations of some particular vertex of one of the tree-
level d = 5 seesaws. Topologies T-1 and T-3 lead to a total of four diagrams
shown in figure 2.10. The Zee model [104] falls within category T-1-ii, the
scotogenic model of Ma [133] is an example of T-3.
While at tree-level the size of the representations as well as the hyper-
charge of the new fields is fixed, at loop level there always exists a “tower”
of possible models. This is easily understood. Consider, for example, the
diagram T-3. The outside leptons couple to a scalar and a fermion. Since
L is a SU(2) doublet, the representation of the scalar and the fermion can
be: 1⊗ 2, 2⊗ 3, 3⊗ 4, etc. Similarly at the four scalar vertex the smallest
possibility is 2⊗2, but larger representations can be inserted, with the only
constraint that the product of the two scalars can build a triplet. In the
6Topology T-4 has two divergent and two finite diagrams. In [132] the diagram T-
4-2-ii was used to generate a coupling L∆L at one-loop. This diagram is classified as
divergent in [58]. However, in [132] two diagrams of this type appear, with the infinity
cancelled between diagrams. This can not be justified in terms of symmetry, instead it
is due to the fact that lepton number is broken softly in the model of [132].














Figure 2.10: Genuine d = 5 one-loop neutrino mass diagrams in the notation
of [58].
same way, the hypercharge of the internal particles is fixed only up to an
additive constant x, that runs in the loop.7
The minimal possibility to build a model for T-3 is then that the fermion
is a νR, while the scalar is a doublet (1,2, 1/2), i.e. the well-known scoto-
genic model. This is minimal in the sense that it uses the smallest repre-
sentations and the smallest value of the hypercharge possible, i.e. x = 0.
However, (1,2, 1/2) can not be the Standard Model Higgs, it must be an
additional inert doublet.
Two-loop d = 5
All possible two-loop topologies of the Weinberg operator have been
discussed in [60]. From a starting set of 29 topologies, they reduce the
number to 6 genuine topologies, out of which 20 renormalisable diagrams
can be built. They realised that all the genuine diagrams can be understood
as variations of three models: (i) the Cheng-Li-Babu-Zee (CLBZ) [134–136],
(ii) the Petcov-Toshev-Babu-Ma (PTBM) [137, 138], and (iii) what they
called Rainbow topology (RB).
The different categories of the classification are thought to serve for a
systematic study of neutrino mass model signals at several scenarios. For in-
7Of course, not all choices of x will lead to phenomenologically acceptable models.
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stance, at colliders like LHC, testing the origin of neutrino masses [139], or to
systematically build models with neutrino masses and dark matter [108,109],
analogous to the one-loop cases.
We have deliberately omitted the discussion about one-loop d = 7 and
three-loop d = 5 as the following chapters are devoted to their classifications.
2.3.3 The Dirac side of the classifications
Due to the recent interest in Dirac neutrino mass models, several classi-
fications have been done of the dimension 4 operator LHν̄R up to two-loop
level [140,141], as well as the dimension 5 and 6 Dirac mass operators at tree
and one-loop level [142,143]. Tree-level models are discussed in section 2.2.1,
while Chapter 5 is dedicated to two-loop Dirac neutrino mass models. For
one-loop models, discussed in [140,142,143], they find that the smallness of
neutrino masses can be naturally explained via loops analogously to the Ma-
jorana case. They argue that lower order contributions to neutrino masses
can be forbidden by introducing an abelian or finite non-abelian symmetry
and breaking it appropriately. As in previous classifications, they separate
infinite diagrams from finite non-genuine and genuine diagrams, as only the
latter can be the leading contribution to neutrino masses, and list every
possible dark matter candidate that can participate in the genuine one-loop
diagrams.
One main difference between Majorana and Dirac neutrino mass mod-
els is that the latter always requires some symmetry beyond the Standard
Model. As already discussed, this symmetry forbids the operator LHν̄R
at tree-level, but once broken it allows an effective realisation of it, either
coming from a higher dimension operator or generating it via loops. This
implies that by an appropriate choice of the particle content and symme-
try transformations, one can ensure the genuineness of every renormalisable
amputated Feynman diagram.8
8For the dimension 4 operator LHν̄R, this reduces to every renormalisable 1 Particle
Irreducible (1PI) diagram. See Chapter 5 for details.

Chapter 3
Loop neutrino masses from
d = 7 operator
In this chapter, based on [61], we will focus on dimension 7 neutrino mass
models at one-loop order. Our aim is to give a systematic analysis of such
models, constructing first all possible one-loop topologies and then identify
those topologies that generate genuine models. We use the usual definition
of genuine models, recall section 2.3.1. In this case, it refers specifically
to models for which the one-loop d = 7 contribution to the neutrino mass
gives the leading order contribution. This assumption implies, of course,
that both the d = 5 and the d = 7 tree-level, as well as the d = 5 one-loop,
contributions should be absent. We shall rely on the previous systematic
analysis of the Weinberg operator at tree-level and one-loop, as well as the
analysis of the d = 7 operator at tree-level, already introduced in section 2.1.
The classification shown here is different from preceding classifications.
In previous works, classifications were done separating genuine models from
non-genuine models, and, if applicable, regarding general differences in the
loop integrals. For higher dimension (d > 5) neutrino mass operators, the
presence of the H† makes it possible to do a further classification of the
genuine models in terms of particle content. This forces particle contents
with a characteristic phenomenology for each class of models, as will be
analysed later in the chapter. The phenomenology of these models will be
studied in Chapter 8.
The chapter is organised as follows. In the next section, we give a
short introduction, pointing out the assumptions we are considering in the
classification. Section 3.2 provides the core of the chapter. It discusses all
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possible topologies and diagrams, and classifies them into different groups.
Finally, we introduce the three most minimal example models that one can
construct at d = 7 one-loop order in section 3.3.
3.1 Preliminary considerations
Disregarding derivative and gauge operators, the authors of [56] have
written down the complete list of ∆L = 2 operators up to dimension 11.
Among them, only one of these operators is important for us here,
Od=7 ∝ LLHH(H†H) , (3.1)
where indices have been omitted for simplicity. All other dimension 7 op-
erators in the list of [56] will lead to d = 5 one-loop neutrino mass models.
As noted in [57], where they analysed in detail the d = 7 operator (3.1)
at tree-level, this operator will always also generate a higher loop order






as explained in section 2.1. One can straightforwardly estimate that this
loop contribution will become more important than the tree-level one if
(Λ/v) & 4π. This means Λ . 2 TeV is required for the d = 7 contribution
to dominate. Since this is unavoidable in the Standard Model, the authors
of [57] considered a two Higgs doublet extension of the Standard Model in
their discussion of the d = 7 tree-level neutrino mass. H†H is a singlet
under any discrete symmetry. With more than one Higgs it is possible to
introduce an additional discrete symmetry, under which the two Higgses
transform differently. We will stick, instead, to only the Standard Model
Higgs and take (3.2) as a motivation that any d = 7 model of neutrino mass
must have new particles below 2 TeV, otherwise it will not give the leading
contribution to the neutrino mass matrix.
As mentioned above, both d = 5 and d = 7 tree-level contributions
should be forbidden, otherwise the d = 7 one-loop contribution might be just
some minor correction to the neutrino mass matrix. Absence of these lower
order contributions could be attributed to either: (i) the existence of some
symmetry; or (ii) absence of fields which generate neutrino masses at lower
order. An example of the former at dimension 5 is the scotogenic model
[133]. In this model, a right-handed neutrino, plus a scalar doublet, are
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introduced, but due to a Z2 symmetry, there is no tree-level d = 5 neutrino
mass,1 and neutrinos have mass at one-loop order. The classic example for
(ii) is the Zee model [104]. In the Zee model, none of the particles necessary
for a tree-level seesaw exist. Instead, an additional charged singlet scalar,
plus an additional doublet scalar, generate neutrino masses radiatively.
Two comments might be in order. First, with the use of non-Abelian
discrete symmetries it is possible to construct viable models, genuine in
the sense that they can give the leading contribution to the neutrino mass
matrix. We will not discuss in detail such models, since the use of discrete
symmetries for d = 7 neutrino masses has been discussed in this context
already in a number of references, see for example [57,144–147].
Second, the example models, which we will discuss later on, all have
explicit lepton number violation (LNV). One could construct extensions of
these models, in which the LNV is spontaneous. In that case, a massless
Goldstone boson would appear, usually called Majoron in the literature.
We will not discuss the phenomenology of Majorons here and only note in
passing that no new topologies would be generated in such models, with
respect to the explicitly LNV models we consider.
For a more compact notation we will also use a notation which gives the
SU(2)L representation and hypercharge in the form RY with a superscript
S or F , where necessary, i.e. for example 5S1 is a scalar 5-plet with Y = 1.
Note that, for some of the fields, particular symbols are common in the
literature, such as νR, ∆ and Σ for the type-I, type-II and type-III seesaw.
3.2 Classification of d = 7 neutrino mass mod-
els
In this section, we will discuss the classification of the different d = 7
one-loop diagrams. We first construct all possible one-loop topologies with
six external legs and then discard in different steps those topologies that
cannot lead to genuine models. For the remaining topologies, we order all
possible diagrams into different classes, depending on the minimum size of
the largest required SU(2)L representation appearing in the corresponding
diagram.
1The well-known bonus of the Z2 symmetry is that it allows to “stabilise” the lightest
Z2 odd particle, thus relating the stability of the dark matter to the radiative generation
of neutrino masses.
42 Chapter 3. Loop neutrino masses from d = 7 operator
We note in passing that we will not discuss colour in detail, because
colour assignments can be trivially added: All particles outside loops must
be necessarily colour singlets, while pairs of particles in loops can always
be assigned colour in combinations X + X̄, for X = 1, 3, · · · , which then
couple to “outside” colour-blind particles.
We adopt the following notation: we denote topologies with Tn, where n
is the number given in the figure with the corresponding graph of the topol-
ogy. For diagrams, we follow the notation D(x)n , with n the corresponding
topology which generates the diagram and x = i, ii, iii, ... to differentiate be-
tween different diagrams generated from the same topology. In the figures,
we denote diagrams by n-i.
3.2.1 Topologies
We construct all possible one-loop topologies with six external legs, dis-
carding from the start all self-energy corrections. This construction can be
done in different ways, and we used two different procedures to assure that
all possible topologies were found. In total there are 48 possible topologies.
The complete list of topologies is given in appendix A.
We will briefly describe the methods we used to find the topologies. The
first procedure consists in taking the five d = 7 tree-level topologies and to
generate loops in all possible combinations, connecting either lines to lines
or lines to vertices or vertices to vertices, using only 3-point and 4-point
vertices. From this list one has to discard in the end all duplicates.
The second procedure starts from the simplest realisation of a one-loop
topology adding six external lines to the loop using only 3-point vertices, as
shown in figure 3.1. From this topology, all other topologies can be found
by systematically removing lines attached to the loop and adding them to
an outside particle generating a new 3-point vertex, as shown in the fig-
ure for the examples of T2, T3, etc. Once all possible topologies with only
3-point vertices are found, all remaining topologies can be generated from
the earlier ones by shrinking one line connecting two 3-point vertices to
one new 4-point vertex, see the example figure 3.2. Again, this procedure
produces duplicates, which have to be identified and discarded. This proce-
dure provides a systematic construction of all possible topologies in a more
intuitive way than the first one described above. It allows to classify topolo-
gies according to the number of lines entering the loop, creating subgroups
with the same number of 4-leg vertices. This criterion is the one we use for
ordering the complete list of topologies. For instance, topologies T1 to T9
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1 2 3
Figure 3.1: Generating topologies, starting from the simplest topology, con-
taining only 3-point vertices with all 6 particles connected to the loop, T1.
Subsequent topologies are found by removing systematically particles at-
tached to the loop and reconnecting them to outside particles, as shown for
the examples T2 and T3.
1 10
Figure 3.2: Constructing topologies with 4-point vertices from existing
topologies with only 3-point vertices by “shrinking” one connecting line.
Here shown for the example how T1 generates T10.
are the only ones with just 3-point vertices ordered by decreasing number
of legs sticking out of the loop.
We then proceed to order topologies into different groups. We can dis-
card immediately topologies like T32 and T47, shown in figure 3.3, because
none of them can lead to a renormalisable model. The six topologies given
in figure A.6 are excluded because of this argument.
The next step is to generate all possible diagrams and check if any field
which generates neutrino masses at lower order is required. Two examples of
topologies, which always necessarily will be accompanied by a tree-level d =
5 seesaw, are shown in figure 3.4. These diagrams can be easily understood.
Every topology with at least two 3-leg vertices on two external lines will
always generate a vertex LHν̄R, LHΣ̄ or H∆†H, and thus a seesaw at
tree-level, as in the example T4 in figure 3.4 to the left. Topologies which
contain one 3-leg vertex with two external lines isolated by a 4-leg vertex
will always have a coupling of the type L∆L, as for example the topology
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32 47
Figure 3.3: Examples of non-renormalisable topologies. These topologies
cannot accommodate two external fermion and scalar lines with only renor-
malisable vertices.
4 33
Figure 3.4: Two example d = 7 topologies which will always be accompanied
by a tree-level seesaw d = 5 contributions to the neutrino mass matrix. For
discussion see the text.
T33 in figure 3.4 to the right. The 27 topologies, for which all diagrams can
be excluded due to this argument, are given in figure A.3. The topologies
T7, T22, T23 and T24 in this figure are somewhat particular examples, as they
always contain a one-loop realisation of the coupling H∆†H or LL∆. One
might think to bypass the ∆ and introduce a quintuplet instead. However,
the coupling of two doublets to a 5-plet is zero at any loop order due to
SU(2)L.
Before moving on, a brief comment might be in order. Integrals for the
diagrams in topologies T4 and T33 are finite. One might therefore wonder
whether it is possible to forbid one of the “ingredients” of the tree-level d = 5
seesaw, say one particular vertex, via a discrete symmetry, only to generate
it at one-loop order. This was discussed at length in the classification of the
one-loop realisations of the Weinberg operator in [58]. At the d = 7 level,
however, this will not be possible, since H†H is a singlet under any discrete
symmetry.
Next we turn to identifying topologies which generate diagrams reducible
to one-loop d = 5 models. This is not as straightforward as the tree-level
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η η′
L L
Figure 3.5: The particular piece of diagram that generates the one-loop
d = 5 diagram T-3, see figure 2.10. If this structure exists in any diagram,
the vertex with the two scalars η, η′ and two Higgses also always exist. This








Figure 3.6: Topology T10 and the only diagram derived from this topology,
that can give a genuine model.
case. In particular, in this class of topologies many diagrams lead to d = 5
tree-level models, while only the remaining diagrams can lead to d = 5
one-loop models. However, when the topology is highly symmetric, as for
example in T1, one can always find a coupling between two internal fields
and an external field which bypasses the H†, giving one of the diagrams
of figure 2.10. In addition, any diagram containing the structure given in
figure 3.5 can be reduced to the well-known diagram T-3 in figure 2.10. We
list all topologies excluded due to these arguments in figure A.4.
Then, there are diagrams which always contain the fields S = 4S3/2 and
Ψ = 3F1 , responsible for generating neutrino mass at tree-level d = 7 [93].
Examples are diagrams of the topologies T25, T29 and T35 (figure A.5), which
are excluded as genuine ones due to this reason.
Finally, in the remaining 8 topologies, depicted in figure A.1, that are
not completely excluded by one of the above arguments, many but not all
the diagrams lead to genuine models. For instance, from the 10 different
diagrams that one can generate from topology T10, only one is not reducible
to one-loop d = 5, shown in figure 3.6.
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In summary, from the initial 48 topologies only 8 have, at least, one
genuine one-loop d = 7 diagram. The excluded topologies are listed in
appendix A. The next step is to classify the surviving topologies in terms
of the minimal SU(2)L representation needed to realise a genuine model.
3.2.2 Diagrams: Minimal SU(2)L representations
In all d = 7 diagrams, in order to avoid neutrino masses at lower order,
a minimal size for the SU(2)L representations of the model is required. We
order the possible models according to the largest representation present in
a given model. The “smallest” or minimal model that one can construct
is then a model in which no representation larger than SU(2)L triplets is
needed. The next smallest possibility is models with representations up to
quadruplets. Here, one can distinguish three different subgroups:
i. Diagrams in which one quadruplet is needed inside the loop.
ii. Diagrams in which one quadruplet appears outside the loop and internal
particles need not be larger than triplets.
iii. Models in which at least two quadruplets are needed.
We will discuss these three possibilities in reverse order and then proceed to
briefly discuss the triplet diagram. The complete list of diagrams is given
in appendix A.
For external fields, finding the minimal representation is straightforward.
A recurrent example in most of the diagrams is that of the vertex HH†-
scalar. Since 2⊗2 = 3 + 1, the scalar could be a trivial singlet or the triplet
φ ≡ 3S0 . The former case is directly reducible to a d = 5 diagram, the latter
is the one we are interested in. The same principle applies to the diagrams
given in figure 3.7, case (iii), for which the largest necessary representation
is a quadruplet. In order to avoid lower order contributions, one needs the
quadruplet 4S1/2 (4F−1/2) outside the loop. Moreover, one should be able to
distinguish between these quadruplets and a Higgs or a lepton doublet. For
this reason, the external quadruplet must couple, at least, to a singlet and
another quadruplet running inside the loop. All the diagrams of this type
are depicted in figure A.10, and they always contain two quadruplets, one
outside the loop and another inside.
As we are dealing with the operator LLHH(H†H), the maximum hy-
percharges of an external quadruplet is 3/2, i.e. the scalar S present in the
tree-level d = 7 neutrino mass diagram (see section 2.1.1). These diagrams


















Figure 3.7: Examples of diagrams which need at least two quadruplets to be
genuine, i.e. to not generate a d = 5 one-loop contribution. Along with the
external fermion or scalar quadruplet, a genuine models needs an internal
quadruplet to distinguish between a 4S1/2 (4F−1/2) and a Higgs (L). Ψ denotes
the triplet 3F1 .
correspond to the class (ii) defined above. For example, the diagrams given
in figure 3.8 to the left. All the diagrams in this class, depicted in figure A.8
contains the scalar S entering the loop, and they belong to the same topol-
ogy T16. Note that the hypercharge 3/2 of S and the H† entering the loop,
prevents the possibility to reduce these models to d = 5 one-loop.
The rest of the diagrams do not contain a external quadruplet. In the
minimal case, they just need one quadruplet running in the loop. We show
an example of this class in figure 3.8 to the right. The complete list is given
in figure A.7. Diagrams generated from the topologies T2, T12 and T13 with
a triplet entering the loop have all similar structures to those in figure 3.9.
The minimum representations for the fields (χ, η) or (η1, η2) in figure 3.9,
are then a singlet and a quadruplet, in order to prevent a coupling of these
fields with a lepton doublet L or the Higgs H, respectively.
The remaining diagram D(i)10 of figure A.7 is a rather singular case of this
group (i), with only one internal quadruplet. Given the isolated H† and the
upper asymmetric structure with three Higgses, the representation between
the Higgs vertices needs to be (at least) a quadruplet, otherwise a d = 5
one-loop contribution is possible.
After giving all the diagrams that can be constructed with quadruplets
as the highest representation (figures A.7-A.10), the last case depicted in
figure 3.10 shows the only genuine diagram that can be constructed with
no representation bigger than triplet. Despite its similarity to the structure
given in figure 3.9 (left), the 4-leg vertex prevents lower order neutrino

















Figure 3.8: Examples of diagrams which need at least one quadruplets to
be genuine. Diagram to the left has the quadruplet (S = 4S3/2) outside the
loop. Diagram to the right, with φ = 3S0 , needs a quadruplet running in the












Figure 3.9: Structures that appear in topologies T12 (left) and T13 (right)
which require at least a quadruplet and a singlet running inside the loop to
avoid lower order contributions.
masses already with triplets. The corresponding diagram figure 3.10 (right)
with a 4-legs vertex followed by a triplet Ψ cannot be bridged to construct
a one-loop d = 5 contribution given the relation between the hypercharges
of the fields running inside the loop.
To summarise, from the 8 genuine topologies, one can generate 23 dia-
grams. Among them, only one can be realised with no representation larger
than triplets as the maximum SU(2)L representation, figure 3.10. The other
22 diagrams generated from the 7 topologies given in figure A.1 can gen-
erate models with representations up to quadruplets. This whole set can
be divided depending if the diagrams require one quadruplet running in
the loop (figure A.7), outside the loop (figure A.8) or two quadruplets both
inside and outside the loop (figure A.10). Of course, models with larger









Figure 3.10: Topology T11 to the left: The only topology for which a genuine
model with no representations larger than triplets exist. The only genuine
diagram for this topology is shown on the right.
representations can be constructed, and we will give one example in the
next section.
3.3 Example models
The complete list of diagrams, from which genuine d = 7 one-loop mod-
els can be built is given in appendix A. Here, we will briefly discuss three
example model-diagrams, which are among the simplest one can built from
these diagrams. These models are: (i) The simplest d = 7 model, which
requires no representation larger than a triplet; (ii) one example model with
an external quadruplet S; and (iii) an example model with an SU(2)L quin-
tuplet. The latter serves to show how models with larger representations
can easily be constructed from our list of diagrams. The phenomenology of
the first two example models will be studied in Chapter 8.
Triplet model
As discussed above, there is only one possible diagram that has a triplet
as the largest SU(2)L representation, see figure 3.10. The model requires
the fermionic triplet Ψ = 3F1 , that also appears in the BNT model [93]. A
priori, for the particles inside the loop hypercharge is not fixed. However,
not all choices of hypercharge will lead to genuine models, since lower order
contributions might appear. If we use only doublets and triplets inside the
loop, the smallest hypercharge assignments that lead to a genuine model
are,












Figure 3.11: The most minimal model that one can construct at one-loop
d = 7 order with no SU(2)L representations larger than triplet. The model





























The model generates neutrino masses via the diagram depicted in figure 3.11.
η1 has the smallest hypercharge of the particles in the loop. For colourless
particles it is not possible to find a smaller hypercharge assignment that
leads to a genuine model. For example, choosing η1 = 2S1/2 instead would
result in a model for which diagram T-3 at d = 5 level is the dominant
contribution to neutrino masses.
One interesting aspect of this model is that the scalar triplet inside the
loop has a component which carries 4 units of electric charge. This would
lead to a very clean signal in colliders that will be analysed in Chapter 8.
Note that any other particle content that leads to a genuine model would
have, at least, one field with 4 or more units of electric charge.
Quadruplet model
While for triplets as the maximal representation there is only one di-
agram, for quadruplets three distinct groups of model exist, as discussed












Figure 3.12: Example of a d = 7 one-loop model with an external quadru-
plet S = 4S3/2, generated from the diagram D
(ii)
16 in figure 3.8. This model
contains only doublet and triplet representations inside the loop, see text.
above. We choose an example based on an external quadruplet S = 4S3/2.
The example model we choose is based on diagram D(ii)16 .
As in the triplet case, hypercharge and SU(2)L representation are not
uniquely fixed. The minimal model, again in the sense of using the small-


























This model generates neutrino masses via the diagram of figure 3.12. In
this example, lower order contributions can be avoided due to the hyper-
charge of S. A model with smaller hypercharges, for example η1 chosen to
be η1 = 1S1 , would again not be genuine, since it would necessarily have a
d = 5 one-loop contribution, i.e. the well-known Zee model [104]. Note that,
while the triplet model contains a scalar with 4 units of electric charge, in
the quadruplet model it is an internal fermion that has such a large electric
charge.













Figure 3.13: Example of one of the most minimal models that one can
construct at d = 7 one-loop order with SU(2)L representations up to 5-plets
generated from the diagram D(i)13 in figure 3.8.
Quintuplet model
Finally, our last example is a model based on diagram D(i)13 in figure 3.8.
It contains the field φ = 3S0 and a quintuplet in the loop. The diagram for
the generation of the neutrino masses is shown in figure 3.13. The minimal

































The maximum representation in this model is a quintuplet, η2. Since it
couples to the Higgs, φ and η1, η1 could be either a 2, 4, 6 or a 8. However,
only for the case of η1 being a doublet, a genuine model results. This is
because, once the coupling η1Hη†2 is allowed, one can construct again a
d = 5 one-loop diagram with the particle content of the model.
It is worth noting that from three example models we have discussed,
the quintuplet model is the only one, in which the representations in the
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loop contain a neutral component. For this model, one can thus follow the
idea of the scotogenic model [133], i.e. add a discrete Z2 symmetry to the
model, under which the internal particles are odd, and the lightest neutral
particle can be a cold dark matter candidate.
3.4 Summary
We have discussed neutrino masses at one-loop d = 7 order. We have
identified all possible topologies that can lead to genuine models, i.e. models
that are not accompanied by either a d = 5 or d = 7 tree-level mass term
nor by a d = 5 one-loop neutrino mass. We have found that only 8 out of
a total of 48 topologies can lead to genuine models.
We then ordered the remaining, possibly genuine, diagrams into different
groups, depending on the minimal field content necessary to construct a
model. There is only one possible diagram for which the largest necessary
representation is a triplet. The remaining 7 topologies yield 22 diagrams,
with the largest representation being at least a quadruplet. We then briefly
discussed three example models, starting from the triplet model, with one
additional example for a quadruplet and one for a quintuplet each.
To avoid lower order neutrino masses, the “genuine” models we discussed
always have to introduce five new multiplets, usually with quite a large hy-
percharge for at least one of them. Thus, these d = 7 models are necessarily
more complicated constructions than the classical seesaw. From a theoreti-
cal point of view this might make these models less attractive. However, in
particular due to the large electrical charges in these models, one can expect
interesting signatures for them at colliders. We reiterate that the d = 7 one-
loop contribution can only be dominant, if at least some of the new particles
have masses below roughly 2 TeV. This implies an upper bound that can be





three-loop realisations of the
Weinberg operator
In this chapter, based on [64], we study systematically the decompo-
sition of the Weinberg operator at three-loop order. There are more than
four thousand connected topologies. However, the vast majority of these are
infinite corrections to lower order neutrino mass diagrams and only a very
small percentage yields models for which the three-loop diagrams are the
leading order contribution to the neutrino mass matrix, i.e. genuine, with
scalars and fermions. Further subclasses can be found among the latter, as
certain topologies can lead to genuine diagrams only for very specific choices
of fields. This special genuine diagrams appears at the two-loop level and
were not considered in previous classifications [148].
The chapter is organised as follows. In the first section, we explain our
classification scheme and how our results are obtained. All topologies which
we classify as genuine have finite three-loop integrals and thus do not need
lower order counter terms for renormalisation. We discuss that there is a
further class of genuine topologies with finite three-loop integrals, which
correspond to the loop generation of some 3- or 4-point vertices. We call
these the special genuine topologies. We then show in section 4.2 that the
73 genuine topologies are associated to 374 diagrams in the weak basis,
which get reduced to only 30 diagrams in the mass basis. We will discuss
the dichotomy between normal and special topologies/diagrams in detail.
We would like to point out that we are mostly interested in diagrams with
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new scalars (and/or new fermions). However, there could also be diagrams
with vector particles, either the Standard Model W-boson or some exotic
vector. While many of our results apply also to diagrams with vectors, we
stress that due to a particular loophole in our procedure for finding genuine
diagrams our list of genuine diagrams is incomplete for vectors. This is dis-
cussed in section 4.1 in more detail. Section 4.3 contains a discussion of the
relation between incompressible loops and genuineness of a diagram. It is
clear that genuine diagrams have incompressible loops, but, even if expected
to be true, it is not straightforward to claim that incompressibility implies
genuineness. In section 4.4 we show some example models, discussing them
briefly. For two of them we perform also numerical calculations of the ex-
pected neutrino mass scale; they can easily reproduce the observed neutrino
masses.
We shall only give some topologies and diagrams in this chapter. The
complete list of genuine topologies is given in appendix A, while the full list
of topologies and diagrams, due to its extension, can be found in [149]. For
details about the reduction and calculation of the loop integrals, we refer
to appendix B.
4.1 Generating and classifying topologies
We found all topologies and diagrams after a series of steps. First, using
known algorithms from graph theory (see for example [150]) we generate a
list of all three-loop connected topologies with 3- and 4-point vertices, and
four external lines. This list contains a total of 4367 topologies. Only 3269
of them can accommodate 2 external fermion lines plus 2 external scalars
using renormalisable interactions only.
Still, at the level of topologies, we can already exclude a large number
of these by applying the following straightforward criteria. We eliminate all
cases with tadpoles (i.e., self-connecting vertices) and self-energies (i.e., 2-
point subdiagrams with one or more loops), since these have always infinite
parts in their loop integrals. This cut leaves us with 370 topologies.
We then eliminate the 1-particle reducible topologies, that is those topolo-
gies which become disconnected by cutting one of its lines. These cases can
be discarded because the line which would disconnect the topology must
have the quantum numbers to mediate type-I, type-II or type-III seesaws
(see figure 4.1).
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Figure 4.1: A 1-particle reducible three-loop topology. The line in the
middle must correspond to one of the standard tree-level seesaw mediators,
hence the topology is not genuine. The middle line is a fermion with the
quantum numbers of νR ≡ (1,1, 0) or Σ ≡ (1,3, 0) if it splits the external
fields as LH|LH, or it is the scalar ∆ = (1,3,−1) if the splitting is LL|HH.
?
Figure 4.2: Subparts of diagrams with loops and three external lines can
be compressed into a 3-line vertex, reducing the number of loops of the
diagram. For subparts with four external lines, this will only generate a
renormalisable interaction if all external lines are scalars.
This leaves us with 160 potentially genuine topologies, which can be
further divided in three classes: normal genuine topologies, special genuine
topologies and non-genuine topologies.
4.1.1 Normal genuine topologies
Consider first 3-point vertices. No matter what is the particle content
of a model, if a loop with 3 external legs is allowed by symmetry, so is the
trilinear vertex without the loop (see figure 4.2). Since this reasoning ap-
plies equally to fermion-fermion-scalar and to scalar-scalar-scalar vertices,
this criterion can be defined at the level of topologies. For loops with four
external legs, on the other hand, it is only possible to compress it to a renor-
malisable vertex if all external lines are scalars. Thus, this criterion needs
to be used on diagrams, not topologies. The important point is that if a
diagram has compressible subdiagrams (with 3 or 4 external legs), it can-
not be genuine. We note that there is also the expectation of the converse:
diagrams with incompressible loops are genuine, as there will be a choice of
quantum numbers for the internal scalars and fermions such that there will
be no other neutrino mass contribution with less loops.1
1In section 4.3 we present an argument why we believe this is always true.
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All topologies (connected, with 3 loops and 4 legs) 4367




No 3-point loop subgraphs 70
No unavoidable 4-point scalar loop subgraphs 44
Table 4.1: Number of topologies, after the cumulative application of a se-
ries of cuts described in the text. Out of the initial 4367, only 44 have
all the properties listed above: these are the normal genuine topologies.
We would like to point out that dropping the requirement that a topology
does no become disconnected by the cut of a single internal line (1-particle
irreducibility), the final number of topologies would still be 44.
We identify those topologies for which an internal loop (or loops) can
be compressed to a 3-point vertex (of the type fermion-fermion-scalar or
scalar-scalar-scalar). For the remaining topologies, we find all valid dia-
grams, labelling internal lines as scalars or fermions in all possible ways,
keeping externally exactly two scalars and two fermions, and forbidding
non-renormalisable vertices. In this list we identify all diagrams with inter-
nal loops which can be compressed to a 4-scalar interaction. All diagrams
without 3-point nor scalar 4-point loop subdiagrams fall into one of 44
topologies. These we consider normal genuine diagrams and topologies.
Their complete list of topologies is given in appendix A, while the lists of
diagrams are shown in [149] due to their extension. A summary of the
counting and the cuts applied can be found on table 4.1.
4.1.2 Special genuine topologies
The usage of the word “normal” in this context is explained by the ex-
istence of exceptions to the above arguments. First of all, strictly speaking,
the cut on 4-point vertices (see the last row in table 4.1) is only valid for
diagrams without vector fields. Consider the diagram shown in figure 4.3: It
has three external vector fields (V ) and one scalar (S). Yet a term V V V S
is not Lorentz invariant, hence such a loop cannot be compressed into a
renormalisable interaction (the effective interaction is ∂V V V S, dimension
5). As a consequence of this, some otherwise non-genuine topologies might
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Figure 4.3: Our procedure to obtain genuine three-loop neutrino mass dia-
grams and topologies may not be valid in the presence of vector fields. In
this example, a one-loop fragment of a larger diagram cannot be contracted
into a renormalisable point interaction, see text.
be classified as genuine if vector fields are used. We are mentioning this
exception only for completeness, since we are interested in diagrams with
fermions and scalars only.
However, there are two subtle exceptions to the procedure used to obtain
the previously mentioned 44 genuine diagrams with fermions and scalars
only. The strategy discussed earlier admits a loophole which was over-
looked in previous classifications, enlarging the set of genuine topologies.
We found that some topologies can generate neutrino mass diagrams which
under normal circumstances can be redrawn with less loops, unless some
particular quantum numbers are assigned to some of the particles in the
internal lines. More specifically, these special diagrams contain fermion-
fermion-scalar, (scalar)3 and/or (scalar)4 effective interactions generated
through loops which cannot be compressed to a point, as is ordinarily the
case. That is because these effective couplings involve derivatives of the
fields, making them non-renormalisable, so there exist exceptional cases in
which there is no corresponding tree-level realisation of the effective ver-
tex. We call this class of diagrams special genuine as they required very
specific choices of fields in order to be genuine, as it will be discussed in
the following sections. Out of the 160 topologies mentioned above, 44 are
normal genuine ones, and of the remaining 116 there are 55 which fall into
this class. The complete list is shown in appendix A, where we also classify
them according to which particular particle combination is needed to make
the corresponding model genuine.
SU(2)L antisymmetric contractions
We shall start with the first loophole. To understand it, consider the
two-loop diagram in figure 4.4. The diagram appears to be non-genuine be-
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?
Figure 4.4: This two-loop realisation of the dimension five Weinberg oper-
ator illustrates a loophole in our automatised algorithm for finding genuine
n-loops neutrino mass diagrams and topologies (we therefore track these
special cases manually). In particular, if the scalar SA (or SB) is the Higgs
fields H, and SB (or SA) is an SU(2) singlet with the correct hypercharge,
then there is no point interaction HSASB. Hence, the existence of the left
diagram does not imply that one can build the diagram on the right, with
one loop less.
cause it requires fields with quantum numbers such that they would have a
renormalisable interaction HSASB, which could be used to remove one-loop
from the diagram. In a sense, this is indeed always true: such trilinear com-
bination of fields must be gauge invariant. Yet, HSASB might be identically
zero for specific choices of SA and SB. Take the case where SA is the Higgs
field H, and SB is a scalar singlet with hypercharge -1. Then, HHSB ≡ 0
because the SU(2) singlet contraction of two doublets is antisymmetric. For
particular choices of the quantum numbers of the remaining fields, one can
in fact check that no d = 5 one-loop model is generated, hence the two-
loop diagram/topology in figure 4.4 is genuine. This construction involv-
ing the use of repeated fields to forbid point-interactions (which otherwise
would be allowed by their quantum numbers) can obviously be extended to
three-loop diagrams. These genuine three-loop diagrams (topologies) which
lead to non-genuine model-diagrams, unless very special choices of quan-
tum numbers are made, are inside the category of special genuine diagrams
(topologies). Out of the 160 topologies, 29 topologies shown in appendix A
are genuine due to the arguments discussed above.
Note that, if we break down the fields into their components, the neu-
trino mass obtained from these special topologies arises from a difference of
diagram amplitudes, with the negative sign(s) coming from the antisymme-
try of SU(2)L (and/or colour) contractions. This is very clear, for example,
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in the one-loop subdiagram in figure 4.4 (on the left), which must corre-
spond to an HHSB interaction, as mentioned earlier. In the limit where
the momenta flowing into these critical subdiagrams is small, the difference
of amplitudes will approach zero. However, the momenta flowing into these
subdiagrams is a loop momenta, hence the overall neutrino mass obtained
from special genuine diagrams does not need to be small when compared to
the mass obtained from normal genuine diagrams.
Massless fermion fields
For the special genuine topologies discussed before, the existence of
derivatives can be traced to the antisymmetric nature of some SU(2)L con-
tractions, which makes some loop interactions non-compressible for appro-
priate choices of the quantum numbers of the diagram lines. However, there
is a second possible reason why such derivative terms might be unavoidable:
fermion-fermion-scalar couplings may contain a derivative due to the chi-
rality of the Standard Model fermions. In particular, two left-handed Weyl
fermions ψ and ψ′ may interact with a scalar S through a ∂ψ†ψ′S effective
coupling (the number of derivatives can be higher, as long as it is an odd
number).2 However, if ψ is a vector-like field, its left-handed partner ψ
has the same gauge quantum numbers as ψ† (the conjugate of ψ) and op-
posite chirality, hence there is no symmetry forbidding the renormalisable
interaction ψψ′S, with no derivatives.3 Using this coupling and a mass in-
sertion ψψ one can then always generate ∂ψ†ψ′S without loops, as depicted
in figure 4.5. However, if neither ψ nor ψ′ has a vector-like partner, this
argument fails and the vertex ∂ψ†ψ′S may not be realisable at tree-level.
Thus, if ψ and ψ′ are fixed to be Standard Model fermions, the loop might
not be compressible and our general arguments fail. Let us discuss this with
one particular example.
Take for instance topology 89 and one of its diagrams as an example,
shown in figure 4.6. This diagram contains a one-loop realisation of the
2From a symmetry argument, one can see that the number of derivatives is odd, and
therefore there is at least one of them. It goes as follows: the complexified algebra
of the Lorentz group is the same as the complexified algebra of SU(2) × SU(2), so it’s
representations can be labelled by a pair of spins (jL, jR). Left-handed fermions ψ
and their conjugates ψ† transform as (1/2, 0) and (0, 1/2) (conjugation flips jL with
jR) respectively, while vector-like fields, such as derivatives, are bi-doublets (1/2, 1/2).
Therefore, the bilinear ψψ† transforms as a vector, and Lorentz invariance can only be
obtained by adding to this fermion combination an odd number of derivatives.
3The same argument follows interchanging ψ with ψ′.




Figure 4.5: Consider a loop induced coupling of the left-handed fermions
ψ and ψ′ to a scalar S as indicated on the left. Given the chirality of the
fermions, the effective coupling is ∂ψ†ψ′S. If ψ has a vector-like partner
ψ (which we may consider to be left-handed as well), then the tree-level
coupling ψψ′S exists, and together with a mass insertion ψψ it can be
used to generate the effective interaction ∂ψ†ψ′S without loops (this is the
leading order interaction; extra pairs of derivatives appear at higher order).
This argument fails if both ψ and ψ′ are Standard Model fermions.
vertex ∂Lψ†S, with L the Standard Model lepton doublet and ψ and S
an arbitrary left-handed fermion and scalar, respectively. If ψ is not a
Standard Model fermion, it is necessary to add its vector-like partner ψ to
the model, in order to generate a bare mass termMψψ. From the argument
in figure 4.5, it is then possible to rewrite the diagram with one less loop.
On the other hand, it might not be possible to do so if ψ is a Standard
Model fermion, in which case the diagram is genuine. 26 topologies shown
in appendix A are classified as special genuine due to this loophole.
Note that, since this loophole to our general argument exists only for
Standard Model fermions, the list of all possible genuine models generated
Figure 4.6: Example of a diagram with topology 89, containing a one-loop
fermion-fermion-scalar effective interaction (in red). This loop is removable
unless ψ is a Standard Model fermion.
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Figure 4.7: One example of a non-genuine but finite topology (to the left),
generating the diagram on the right. See text.
from the diagram in figure 4.6 will be quite constrained, due to the limited
number of choices of ψ ∈ {L, ec, Q, uc, dc}.
4.1.3 Non-genuine topologies
The other 61 remaining topologies (160 = 44 + 29 + 26 + 61) generate
non-genuine diagrams. Even so, it is important to note that some of these
topologies (9 of them) may lead to non-genuine finite diagrams. These
are diagrams for which an additional (broken) symmetry is always needed
to forbid the otherwise allowed `-loop diagrams (` < 3) that result from
compressing one or more loops to a renormalisable vertex. We show an
example of such a topology and corresponding non-genuine finite diagram
in figure 4.7. In this diagram, the inner loop on the fermion line is an
example of a compressible 3-point vertex. However, if this fermion is of
Majorana type, one can add to the corresponding model an extra symmetry,
for example a global U(1) as in [151]. A Standard Model singlet scalar
can then be coupled to the Majorana fermion and assigned a charge under
the U(1). The tree-level coupling of the compressible inner loop could be
forbidden in this way. Spontaneous breaking of this U(1) → Z2 by the
vacuum expectation value of the singlet generates a Majorana mass term
for the fermion and allows then this three-loop diagram to exist.
We stress again that we do not consider this class to be genuine, as
these models require extra symmetries (which need to be broken). Note
that the symmetries can not be exact, otherwise the compressible loop is
also forbidden by the symmetry. For the remaining 52 topologies in this
non-genuine class all diagrams have infinite loop integrals. Due to the large
number of topologies in this sub-class, we do not show them here; they can
be can found in [149].
64 Chapter 4. Classification of three-loop realisations
4.2 Constructing diagrams
We now return to the construction of the genuine diagrams. From
the 44 normal genuine topologies, a total of 228 genuine diagrams can be
built [149]. In figure 4.8 we show for one particular topology the possi-
ble diagrams, explaining graphically why several of them are not genuine.
Diagrams with compressible loops are discarded in this set, as well as dia-
grams with non-renormalisable interactions. In this particular example, the
topology has only two normal genuine diagrams. The remaining genuine
diagrams, of the special kind, must be found carefully in a non-automated
way. We show the procedure adopted to find the genuine diagrams gener-
ated from the special genuine topologies with some examples. We consider
the case where the antisymmetry of SU(2)L contractions forbids the lower
order diagrams, as there are several possibilities that are worth to be stud-
ied.
Consider topology 54 (see figure A.12), there is only one way of mak-
ing a fermion chain connecting the two external L’s hence there is a single
diagram to be considered, shown in figure 4.9. One can identify in it a
two-loop subdiagram with 4 external scalar lines, shown in red in the mid-
dle of figure 4.9. Two of the external scalars are the Higgs fields of the
Weinberg operator, while the others (S and S ′) are unknown a priori, hence
the subdiagram is associated to the operator HHSS ′. This means that, for
most assignments of quantum numbers to the internal fields, one can write
down such an interaction directly in a renormalisable Lagrangian, in which
case neutrino masses can be generated via the one-loop diagram shown in
figure 4.9 on the right.
However, strictly speaking the two-loop subdiagram generates the non-
local operator H(x1)H(x2)S(x3)S ′(x4) which we may rewrite as,






Λ2nH (x)H (x)S (x)S
′ (x) ,
where x is some space-time point close to the xi, Λ is some mass scale and
the cn are dimensionaless parameters. If H(x)H(x)S(x)S ′(x) is nullified,
the corresponding Weinberg one-loop neutrino mass will not exist. Keep-
ing in mind that in the Weinberg operator the two Higgs doublets contract
as an SU(2) triplet, there is only one possibility of avoiding a renormalis-
able HHSS ′ interaction: setting S = H and S ′ = φD ≡ (1,2,−3/2), or
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Figure 4.8: There are two normal genuine diagrams associated to the topol-
ogy shown in the top. There is also a total of 32 diagrams which can be
drawn with a non-renormalisable fermion-fermion-scalar-scalar interaction.
Finally, there are 4 diagrams which are also not normal genuine ones be-
cause it is possible to shrink a subpart of them into a renormalisable point
interaction. (Note however that under some very specific circumstances,
the third, the fifth and sixth diagrams in the top row can be genuine, hence




Figure 4.9: Topology 54 has only one diagram associated to it (shown here
inside the box on the left). This diagram is only genuine under special
conditions, in particular the two scalars interacting with the fermion line
(S and S ′) must be a Higgs H and a scalar φD ≡ (1,2,−3/2).
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Genuine diagram 
under special conditions
Figure 4.10: Topology 71 has one genuine diagram, shown here. The quan-
tum numbers of the scalars must be special, otherwise one could build the
Weinberg operator from a one- or two-loop diagram. In particular, this sce-
nario is avoided only if S = φS ≡ (1,1,−1), S ′ = H, S ′′ = φy ≡ (1,1, y),
and S ′′′ = φ̃y ≡ (1,1,−1− y) for some hypercharge y 6= 0,±1,±2.
vice-versa.4 With this very special setup, the three-loop diagram in fig-
ure 4.9 is genuine, and that is why the corresponding topology is included
in figure A.12.
As a more involved example, we will now discuss topology 71, for which
there is a single genuine diagram, shown in figure 4.10. In this same figure,
we indicate in red two subdiagrams (with 3 and 4 external lines) which
should not be shrinkable to point interactions, otherwise the diagram be-
comes non-genuine. In particular, the internal scalars must be such that
the local operators HSS ′ and HS ′S ′′S ′′′ are zero, while still allowing their
non-local counterparts.
To nullify the first interaction, HSS ′, we must have either S ′ = S,
S = H, or S ′ = H. But the first possibility (HSS) is no good, as there is
no SU(2) representation R such that R ×R × 2 is gauge invariant. The
second and third possibilities (HHS and HHS ′), on the other hand, imply
that either S ′ = φS ≡ (1,1,−1) or S = φS, respectively.
4If S′ was a SU(2) quadruplet, S′ = (1,4,−3/2), the local operator
H(x)H(x)H(x)S′(x) would not vanish. Another idea to avoid the HHSS′ point in-
teraction is to have S = S′ = (1,R,−1/2) for some SU(2) representation R, such that
the two S’s contract antisymmetrically. This happens for odd-dimensional SU(2) rep-
resentations (other than the trivial one): R = 3,5,7, · · · . The problem is that, for
hypercharge −1/2, such R’s lead to fractionally charged particles, the lightest of which
would be stable and therefore pose a cosmological problem [152] (adding a non-trivial
colour quantum number would not change this). Therefore we discarded such scenarios
altogether.
4.2. Constructing diagrams 67
We consider now the other interaction, HS ′S ′′S ′′′, which also needs to
be zero in its point-like realisation. Given the two possible quantum number
assignments for S ′, we might have HφSS ′′S ′′′ or HHS ′′S ′′′. However, it is
not complicated to check that HφSS ′′S ′′′ would require either S ′′ or S ′′′ to
be a gauge singlet (1,1, 0), so one could make a two-loop realisation of the
Weinberg operator by removing this scalar line from the three-loop diagram.
We then proceed with the only viable hypothesis, i.e. HS ′S ′′S ′′′ =
HHS ′′S ′′′. Again, we are faced with two scenarios: (a) one of the unde-
termined scalars (S ′′ and S ′′′) is equal to H, or (b) both S ′′ and S ′′′ are
different from H. Scenario (a) implies that (S ′′, S ′′′) = (H,φD), while sce-
nario (b) leads to S ′′ = φy ≡ (1,1, y), and S ′′′ = φ̃y ≡ (1,1,−1− y) for
some y ∈ Z. In the last case, both scalars must be SU(2) singlets in order
to ensure that the field product S ′′S ′′′ does not have a triplet component
which would be responsible for coupling the two H’s symmetrically.
Taking into consideration everything said so far, it might then seem that
there are two possibilities for topology 71 with the labelling as indicated on
figure 4.10: (S, S ′, S ′′, S ′′′) = (φS, H,H, φD) and
(
φS, H, φy, φ̃y
)
(possibly
switching the quantum number of S ′′ and S ′′′). However, a model with
both the scalar φS and the scalar φD will inevitable generate the two-loop
diagram shown in figure 4.11, so the diagram in figure 4.10 is genuine only if
(S, S ′, S ′′, S ′′′) =
(
φS, H, φy, φ̃y
)
. It is worth mentioning that although the
scalar loop with φS and φD in figure 4.11 seems to diverge, the loop is finite.
This is because such special diagrams involve differences of two diagrams
due to the SU(2)L contractions, removing the divergences. This is the same
contractions that makes precisely H(x)H(x)φS(x) = 0.
For all the topologies in figure A.12, we performed a similar analysis
as in the previous examples, identifying the loop or loops at the diagram
level that can exploit the loophole and, therefore, the specific field content
needed for the diagram to be genuine. With this analysis, we, not only,
build the diagrams, but further classify the topologies in three groups such
that all the diagrams generated by a certain topology require the same
fields to be genuine. In figure A.12, the first two rows of topologies (from
topology 45 to 60) generate diagrams which contain one or two 4-point loop
scalar vertices with at least one external Higgs. The models descending from
these topologies necessarily have the fields φy, φ̃y and/or φD in order to be
genuine. Topologies 61 to 70 generate diagrams with one 3-point internal
loop, i.e. with no leg being a external leptons or Higgs. This can be either a
3-point scalar or fermion-fermion-scalar vertex. Note that in both cases the
tree-level should be zero, so one cannot have more than one copy of these
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Figure 4.11: Two-loop diagram which can be built in a model with the
scalar fields φS ≡ (1,1,−1) and φD ≡ (1,2,−3/2). Note that because
H(x)H(x)φS(x) = 0, it is not possible to remove the bottom loop in the
diagram.
fermions or scalars. Finally, the diagrams coming from the three topologies
71, 72 and 73, contain at least one reducible loop with two scalars and
an external Higgs. In principle, one can avoid the corresponding two-loop
diagram with the recipe described in figure 4.10, thus making the topology
genuine. Nevertheless, we mention that this diagram alone generates models
which are not able fit neutrino data as they contain a structure identical to
the simplest realisation of the Zee model [104].5
We explained how to generate genuine diagrams from the set of special
topologies in figure A.12 exploiting the antisymmetry of SU(2)L contrac-
tions. A similar analysis can be done for the special topologies in figure A.13,
which required at least a massless fermion running in the loop to be genuine
(see section 4.1.2). The full set of genuine diagrams is much easier to build,
as the possible massless fermions are constrained to the Standard Model
fermions {L, ec, Q, uc, dc}. For this reason, we do not enter into detail.
As a final step, the two external scalars standing for Higgs VEV in-
sertions are removed, and a list of 18 genuine (amputated) diagrams is
obtained. These are shown in figure 4.12. In other words, the 228 diagrams
in the electroweak basis can be reduced to 18 diagrams in the mass eigen-
state basis. To these one has to add the 20 mass diagrams in figure 4.13
which are obtained from special genuine diagrams. A visual summary of the
steps described so far, as well as a counting of the genuine diagrams and
5Note that unlike the Zee model where another copy of the Higgs can be added to
fit neutrino data, in the case under discussion this is not a viable solution, because the
resulting model will be a correction to a dominant two-loop model generated by reducing
the 3-point scalar loop with the copy of the Higgs.
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Figure 4.12: List of normal genuine diagrams in the mass basis. Note that
the two external Higgs lines were removed: in general there is a many-to-
one relation between the original diagrams and the amputated ones shown
here. Diagrams in this list are referred to in the text as DMi , where i is the
number of the diagram shown here.
topologies, can be found in figure 4.14. We state again, that while most
of our results apply also to diagrams with vector bosons, our lists are not
complete for vectors, due to the loophole discussed above in figure 4.3.
We close this section by noting that the amplitudes of the 18+20 dia-
grams from figure 4.12 and figure 4.13 can be decomposed as linear combi-
nation of five master integrals [153]. Some of these master integrals admit
an analytical solution, while others can only be solved numerically. A more
detailed discussion is given in appendix B.
4.3 Incompressible loops and genuineness of
a diagram
We have mentioned in section 4.1.1 that those diagrams for which it is
possible to compress one or more loops into a renormalisable vertex v are
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Figure 4.13: List of special genuine diagrams, with the external Higgs lines
removed. Diagrams in this list are referred to in the text as DMi , where i is
the number of the diagram shown here.
not genuine6, as one can then use the interaction v to construct a similar
diagram with less loops. In other words,
loop compressibility ⇒ non-genuineness . (4.2)
Obviously, this is equivalent to the statement that genuine diagrams have
incompressible loops (genuineness⇒ loop incompressibility). However, this
is not the same as,
loop incompressibility ⇒ genuineness , (4.3)
6We have also discussed in detail an exception to this rule, due to the potential
presence of repeated fields. Hence, we introduced the concept of special genuine diagrams
and topologies, which are genuine even though they have compressible loops.
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Figure 4.14: Summary of the different types of diagrams and topologies.
Out of thousands of topologies, only 160 are potentially interesting. They
correspond to a total of 896 diagrams: 228 can provide dominant neu-
trino mass contributions without special considerations (normal genuine
diagrams), and a further 271 can do so only with very special setups (spe-
cial genuine diagrams). We call normal genuine topologies to those asso-
ciated to at least one normal genuine diagram (there are 44); the special
genuine topologies are the remaining cases which are associated to at least
one special genuine diagram (there are 55). The remaining topologies are
non-genuine but some of them (9) have at least one finite diagram. Once
the external Higgs fields are removed, the 228 normal genuine diagrams be-
come 18 amputated diagrams, while the remaining genuine diagrams in the
weak basis yield 20 more amputated diagrams.
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and yet it was stated before that we expect this to be true. Indeed, our
analysis relies on this important assumption, so in this section we discuss
why we believe it to be true. We think that the argument presented here is
compelling, but we stop short of calling it a proof.
First, consider the following intuitive/informal explanation for the impli-
cation (4.3). For particular assignments of quantum numbers to the internal
lines of a diagram, there might be extra interactions between some of the
diagram’s fields which are completely unrelated to the interactions used in
the diagram. If that is the case, it might be possible to construct the Wein-
berg operator LLHH with less loops by using the additional interactions.
However, there will be a choice of quantum numbers of the internal lines
such that this does not happen: no extra “non-trivial interactions” (see be-
low) between the fields is possible, hence the operator LLHH cannot be
realised by a simpler diagram, with less loops.
In order to formalise this idea, consider only the abelian U(1)Y symme-
try. In a n-loop diagram where the hypercharge of the external particles is
fixed, the hypercharges yi of the internal lines depend on n free numbers
αj. More specifically, the yi are linear functions of these n parameters,




where the ci0 and cij are numbers which depend on the hypercharge of the
external particles and on the topology.7 figure 4.15 shows an example where
y6 = y7 = 1 by choice, and y1 = α1, y2 = 1 + α1, y3 = α2, y4 = −1 + α2,
y5 = 1 + α1 − α2.
A crucial question is then the following: what is the full list of inter-
actions between the fields used in the diagram? From the point of view
of the U(1)Y symmetry, any hypothetical interaction beyond those used in
the diagram will either be (a) forbidden, (b) allowed for particular values of
the αj or (c) allowed for all values of the αj. Referring to figure 4.15, `3`∗4,
`1`2`3 and `∗1`2`∗7 (respectively) are examples of each of these interactions.
We will only be interested in those interaction of type (c) because we can
choose the αj in order to build a model where all interactions of type (a)
and (b) are forbidden.
For the rest of this discussion, it is important to keep in mind that the
U(1)Y symmetry is blind to combinations of a field and its conjugate, `i`∗i ,
7Given that the αj are free numbers, there is some arbitrariness in the choice of cij :
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Figure 4.15: Two-loop diagram with oriented lines `i and vertices vj. The
hypercharge of each line is indicated as a function of two free numbers: α1
and α2. The hypercharge of the external lines was fixed to 1 in this example.
hence, one can add/remove them at will from any allowed vertex. Now,
note that the hypercharges yi in (4.4) are the most general solutions to a
linear system of equations, ∑
j
Cijyj = 0 , (4.5)
where the rows of the matrix C represent each vertex, and its columns stand
for each line in the diagram: if line number j enters(leaves) vertex i, then
Cij = 1(−1), otherwise this entry is null. For the example in figure 4.15 we
would have the following matrix,
C =

−1 0 0 1 1 0 0
0 1 −1 0 −1 0 0
0 0 1 −1 0 0 −1
1 −1 0 0 0 1 0
 . (4.6)
For each external line in the diagram, since its hypercharge is fixed, one
must add that constraint as well.
The important point is that any new vertex would correspond to adding
a new row to matrix C. This operation will not change the solution space
if and only if the new row is a linear combination of the existing rows (the
solutions of C · y = 0 and C ′ · y = 0 are the same only if the lines of C ′ are
linear combinations of those of C). Additions and subtractions of rows of C
translates into making new vertices v which are the product of existing ones
74 Chapter 4. Classification of three-loop realisations




k · · · .8 The vertices
obtained in this way account for all unavoidable interactions (considering
the U(1)Y group only).
For example, there are vertices v1 = `∗1`4`5 and v2 = `2`∗3`∗5 and in
figure 4.15, so the interactions v2v2 = `2`2`∗3`∗3`∗5`∗5 or v∗1v2 = `1`2`∗3`∗4`∗5`∗5
cannot be forbidden by any choice of α1, α2. Nevertheless, these are non-
renormalisable interactions: to reduce the number of fields in these new
interactions, one can only use the fact that combinations of the form `i`∗i
are irrelevant for the U(1)Y symmetry, hence for example v1v2 = `∗1`2`∗3`4
(modulo `5`∗5). Graphically, it is very easy to follow what is happening: we
remove the line `5 connecting the vertices v1 and v2, condensing them into a
quartic interaction. Applying this process repeatedly for the internal lines
`3, `4 and `5, one generates the new interaction `∗1`2`∗7 (= v1v2v3 modulo
`i`
∗
i ’s) which graphically is obtained by collapsing the lower loop of the
diagram into a point.
Another interesting example are those cases where the same field ap-
pears in more than one line in the diagram. For the present discussion what
is important are those situations where this is unavoidable, rather than just
possible. According to the previous discussion, two lines ` and `′ must have
the same hypercharge (and therefore potentially represent the same field)
if and only if the bilinear interaction `∗`′ is unavoidable, i.e. one must be
able to merge various of the diagram vertices into such interaction. Lines
`6 and `7 in figure 4.15 constitute an example of such a scenario (they are
external lines, hence their hypercharge was fixed to 1 in our example, but
even if they were internal lines of a bigger diagram, U(1)Y invariance could
not forbid the coupling `∗6`7).
In summary,
1. For a n-loop diagram, the hypercharge of the internal lines depends
on n free numbers αi.
8The fact that the hypercharge of external lines is fixed introduces a complication:
the previous statement is true, but one can also add zero hypercharge combinations of
the external fields. In the case of external Higgses H and L’s, that would correspond to
the combination HL, but one can invoke additionally Lorentz invariance to allow only
the addition of pairs of this combination, i.e. HHLL. However, the sum of all vertices
v1v2v3 · · · in our diagrams, by construction, yield the Weinberg operator (times irrelevant
combinations of the internal lines of the form IiI∗i ), so the original statement stands: the
only extra vertices which do not spoil the solution space in (4.4) are the trivial ones
formed from the product of the vertices in the diagram and their conjugates.
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2. The only interactions between the various lines which cannot be for-
bidden for any choice of αi (the U(1)Y unavoidable interactions) are
those for which the sum of hypercharges is identically 0, i.e. 0 +
0α1 + 0α2 + · · · 0αn. (Only a subset of these interactions are truly
unavoidable as one should take into account the full Standard Model
symmetry, as well as Lorentz invariance.)
3. The full list of U(1)Y unavoidable interactions can be obtained by
merging together the diagram vertices (and/or their conjugates). In
this merging process, (line X) (line X)∗ combinations can be added or
removed.
4. Most of these unavoidable interactions are non-renormalisable. Renor-
malisable new vertices can be formed only if there are those removable
(line X) (line X)∗ combinations mentioned earlier, otherwise by merg-
ing vertices the number of lines constantly increasing. Graphically,
this corresponds to coalescing adjacent vertices in the diagram, and
removing the line(s) connecting them.9
There are 4 external lines (LLHH) indirectly connected to each other
through a web of vertices and internal lines. The unavoidable alternative
ways of connecting these 4 lines must be through an alternative web of
unavoidable vertices. Graphically, this new web of lines and vertices must
be obtained from the original one by the vertex-merging process described
above. So, if it is not possible to remove one or more loops from a diagram
by collapsing them into a point, the diagram is genuine.
4.4 Some examples of models
From the complete set of 228+271 genuine diagrams one can generate
models by assigning quantum numbers to the internal fields following some
basic rules. However, not all will lead to genuine three-loop neutrino mass
models. For that, one should guarantee the absence of fields that generate
9Even though it is not important for the present discussion, we mention here that
the deleted lines can be the external L’s and/or H’s: graphically one would connect
the diagram with a conjugated copy of itself (that is, a copy of the diagram with the
orientation of all lines flipped) via the external L and/or H lines, which would become
internal lines. For example, consider a diagram with Higgs interactions v1 = H`1`2
and v2 = H`3`4. Then v1v∗2 = `1`2`∗3`∗4 is a new, unavoidable interaction which can be
obtained graphically in the way just described.
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Model 1 Model 3Model 2
Model 4 Model 5
Figure 4.16: Five examples of three-loop d = 5 genuine neutrino mass
models. See the text for comments on the notation.
lower order contributions. For example νR, ∆ and Σ of the basic three tree-
level seesaws, or the scalar S ≡ (1,4)3/2 together with the fermion Ψ ≡
(1,3)1 from the d = 7 tree-level BNT model [93]. Here, we introduced the
notation (SU(3)C, SU(2)L)Y for the quantum numbers of internal particles.
We will use this notation mostly in the figures. Note that we shortened
this to SU(2)LY when all particles in the model are colourless. Thus, for
example, a fermionic 10 corresponds to a right-handed neutrino νR. As
discussed above, it is however possible in many cases to construct models
that avoid lower order diagrams, despite the use of particles such as νR,
by adding additional symmetries by hand to the model. We will show one
example of such a model below. In that case, we add a superscript ω to the
particle quantum numbers to indicate which particles are charged under the
new symmetry. The simplest possibility is usually a Z2.
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Since there are endless possibilities for the quantum numbers of the
internal fermions and scalars, the number of genuine models is infinite.
Here, we will just show a few basic examples: Five comparatively simple
models are shown in figure 4.16. Let us discuss them briefly.
Model 1, based on the same diagram as the KNT model [112], can be
considered as one of the simplest genuine three-loop models possible. The
diagram needs only three singlets (two different scalars and one vector-like
fermion) and no additional symmetry to produce a non-zero neutrino mass.
All other models that we found need either (i) larger SU(2)L representations
and/or (ii) a larger number of beyond SM fields and/or (iii) an additional
symmetry to avoid lower order diagrams.
Model 2 is the simplest realisation of the KNT model. It also contains
only three different singlets, as is the case for model 1. However, the KNT
model needs an extra symmetry to avoid a tree-level seesaw contribution
from the fermionic singlet (recall that 10 ≡ νR). We indicate the particles
transforming non-trivially under the new symmetry, by writing their charge
ω as a superscript. Note that for the simplest case of a Z2 this simply
reduces to the particles in the innermost loop to being odd, while the rest
of the diagram contains only particles transforming even. There is a num-
ber of variations of this diagram in the literature containing larger SU(2)L
representations in the loops and coloured particles as well.
We have chosenmodel 3 to show how larger SU(2)L representations can
also play a natural role in three-loop neutrino mass models. This model is
associated to topology T3, being the first three-loop model to do so in the
literature, as far as we know. There are three new scalars, 30, 32, 11 and one
new fermion 4−3/2 (plus its vector partner). The model contains a triply-
charged “leptonic” fermion as well as a triply charged scalar, and thus it
should lead to a very rich accelerator phenomenology.
The second row in figure 4.16 shows two models with coloured fields.
Here, we have chosen the simplest possibilities for colour, i.e. we use only
triplets. Variants with larger colour representations could be created in a
straightforward manner. In the diagram of model 4, colour runs only in
one of the loops. This model has again only three new fields. However, in
contrast to models 1, 2 and 3, here all new fields are scalars. The scalar
(3,2)1/6 is a leptoquark, thus standard LHC searches for these particles
should put bounds on this model. Note that model 4 descends from our
topology T1 (we have not found any model with this topology in the lit-
erature). Model 5 is a second example with coloured particles: it needs
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Fields SU(3)C SU(2)L U(1)Y
S1 1 1 1
S2 1 1 3
F 1 1 2
Table 4.2: Quantum number assignments for the beyond-the-SM fields of
model 1 (compare to figure 4.16).
5 exotic fields, but no additional symmetry. Note again that the exotic
fermions in this model, (3,2)−11/6 and (3,1)5/3, both must be vector-like.
In the following we will discuss models 1 and 5 in more detail, including
a numerical calculation of the relevant three-loop integrals. We will only
consider the unrealistic case where one neutrino is massive, adding just one
generation of every new field for simplicity. Therefore, our results should
be understood as estimates of the typical scale of the neutrino masses and
not as a prediction for their exact values. Note, however, that it is possible
to fit all neutrino oscillation data, including the mixing angles, in radiative
models. Usually, adding more copies of the exotic fermions is enough (we
discuss this briefly at the end of this section).
Also, unless we say otherwise, in the following all dimensionless couplings
are set to one and, in this simplified setup, we will not put a hierarchy nor
flavour structure in the indices of the Yukawa couplings. (This is done
for simplicity; it is not a requirement/constraint on the models.) When
there are no analytical solutions, the calculations for the three-loop integrals
have been done numerically with the code pySecDec [154]. For detailed
definitions of the loop integrals see the appendix B.
4.4.1 Model 1
Model 1 contains the Standard Model fields plus the ones given in ta-
ble 4.2. The fermion F has a vector partner F , which is not explicitly shown
in the table. The neutrino mass in model 1 is generated from the following
terms in the Lagrangian,





2S2 +MFF + · · · . (4.7)
Other quartic terms in the scalar potential (such as H†HS†S) are not ex-
plicitly given here, as they will only result in uninteresting corrections to
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the scalar masses. It is worth mentioning that Y1 in (4.7), in principle, is
a 3 × 3 antisymmetric matrix. This fact is important if one wants to fit
the complete neutrino oscillation data (see the discussion at the end of this
section).
The mass diagram of model 1 in figure 4.16 shows that the neutrino mass
is proportional to the product of two masses of Standard Model charged
leptons. Considering the dominant contribution with two τ leptons running







[(Y1)ατ (Y2)τ (Y3)τ (Y1)τβ + (α↔ β)] Floop(x1, x2) .
(4.8)
After EWSB, in the mass eigenbasis, model 1 generates the diagram DM3
in figure 4.12 with a mass insertion in each of the three internal fermions.
From the diagram, and assigning momenta to the internal fields, we get






[k21][k21 − x1][k22][k22 − x1][k23 − 1][(k2 − k3)2 − x1][(k3 − k1)2 − x2]
.
(4.9)
Here mτ was neglected, while the other masses were normalised to the














For the full decomposition of Floop(x1, x2), in terms of master integrals,
suitable for numerical evaluation, see appendix B.
In figure 4.17 we show the neutrino mass scale for different choices of
parameters. For the calculation we have taken all masses of the new scalar
singlets equal, i.e. m1 = m2 = mS. As can be seen from (4.8), Mν is
proportional to the fourth power of the Yukawas. For masses of order O(1)
TeV one can reproduce the neutrino atmospheric scale (∼ 0.05 eV) with
Yukawas O(10−2 − 10−1).









































M 1 TeV 100 TeV
Y = 1
Y = 0.1
Figure 4.17: The neutrino mass scale in model 1 for a few sample choices
of parameters, see text for details.
The dependence of the neutrino mass on the masses of the fields in the
loop is also understood straightforwardly. From the diagram of model 1





where Λ is some characteristic energy scale. As the loop function contains
only two mass scales, i.e. mS andM (neglecting mτ ), for mS M the neu-
trino mass decreases with 1/m2S, while for small scalar masses one obtains
a constant value (for a fixed M).10
In summary, as figure 4.17 shows, the correct neutrino mass scale is
obtained in this model for a wide range of masses. In one extreme case,
the new physics scale can be as high as 103 TeV if all Yukawas are order
10This is true only if M  mτ . It can be easily checked that for M → 0 the integral
vanishes and neutrinos remain massless.
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Fields SU(3)C SU(2)L U(1)Y
SQ 3 2 1/6
S1 3 1 5/3
S2 3 2 -11/6
F1 3 1 5/3
F2 3 2 -11/6
Table 4.3: Quantum numbers of the new fields given in model 5 (see fig-
ure 4.16).
one. On the other hand, even for masses M and mS of the order of 1 TeV,
Yukawa couplings can be as large as O(0.1).
4.4.2 Model 5
We have performed an analogous study for model 5 in figure 4.16. In
the mass eigenbasis, the neutrino diagram corresponds to diagram 10 in
figure 4.12 with a mass insertion on both d-quark internal lines.
The new fields present in the model are listed in table 4.3. Among
others, the Lagrangian contains the following interactions,
L = LSM + Y1LdcSQ + Y2QF1S2 + Y3QF2S1 + h.c. (4.13)
+ Y L4 F1 F2S
†













2S2 + · · · .
Additional quartic terms in the scalar potential coupling the new scalars
and the higgs field are not written down explicitly.
Similarly to model 1, the neutrino mass in model 5 is proportional to
the product of two d-quark masses. Thus, one expects the dominant con-






[(Y1)αb(Y2)b(Y3)b(Y1)bβ + (α↔ β)] (4.14)
×
[
Y L4 FL(x1, x2, x3, x4) + Y R∗4 FR(x1, x2, x3, x4)
]
,
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where






, FR(x1, x2, x3, x4) =
∫∫∫
(k1,k2,k3)



















with the common denominator,
D = [k21][k21− 1][k22][k22− 1][k23−x1][k23−x2][(k2− k3)2−x3][(k3− k1)2−x4] .
(4.17)
For the decomposition of both integrals in terms of master integrals we refer
again to appendix B.
There are two different integrals contributing to the neutrino mass, as
can be seen in (4.14), due to the fact that one may flip the chirality of
the internal fermions with mass insertions. F1 and F2 must have vector-
like masses11, thus there are two possible choices for the chiral structure of
the vertex, i.e. either one uses Y L4 F1 F2 or Y R∗4 (F1)∗(F2)∗. This yields one
loop integral with MF1MF2 in the numerator and another one with the loop
momenta of both fermions instead of their masses. This fact is important
because, unlike in model 1, for model 5 a cancellation can occur between
both contributions, as shown in figure 4.18. This cancellation occurs when
all the masses in the diagram are of the same order. For example, O(1) TeV
in the case shown in figure 4.18.
In figure 4.19 we show some examples for the neutrino mass scale for
specific but arbitrary choices of parameters. Taking all the masses of the
new scalars equal for simplicity, i.e. mS1 = mS2 = mS, for masses of O(1)
TeV Yukawas around O(0.5) are needed to generate the atmospheric scale.
The difference, compared to the previous case of model 1, arises from the fact
that the loop integral in model 5 contains one extra propagator compared
to model 1, as well as one extra Yukawa coupling. Thus, the neutrino mass
scales differently in model 5. The dependence on the masses is again easily
11New fermions beyond the Standard Model fields must have vector-like mass terms
for phenomenological reasons. For instance, a fourth chiral family is excluded by the
Higgs production measurements at the LHC.

































Figure 4.18: Loop functions, see (4.15), that enter the neutrino mass (4.14)
generated by model 5, see figure 4.16. For this plot, the masses of S1 and
S2 are taken to be 1 TeV, while both fermion masses MF1 = MF2 = MF .









For MF  mS one has a plateau whose height scales as 1/Λ2, instead of
1/Λ as in model 1, see (4.18), while for large fermion masses both models
have the same behaviour.
It is worth mentioning that model 5 contains an extra mass scale, i.e. the
coupling µS in (4.13). In figure 4.19 we have chosen µS = mS. Increasing its
value will smoothen the differences between both models, making it possible
to reach the measured neutrino mass scale with smaller Yukawas couplings.
On the other hand, the need of at least one neutrino mass of the order of
0.05 eV can be interpreted as a lower limit on this parameter.
We have chosen to discuss models 1 and 5 in more detail because they
span the typical range of three-loop neutrino mass models. By direct in-









































mS 1 TeV 100 TeV
Y = 1
Y = 0.1
Figure 4.19: The neutrino mass scale for model 5 in figure 4.16, for some
example choices of parameters. See text for details.
spection of the genuine diagrams, listed in figure 4.12, it can be seen that
every integral contains 7 or 8 propagators, leading to the same behaviour as
in either model 1 or model 5, respectively, in the limit of large masses. For
small scalar and fermion masses, the scale of Mν depends on the numerator
of the integral, i.e. the number of fermions inside the loop along with the
chiral structure of each vertex, as well as the presence of Standard Model
mass insertions.
Finally, we should point out that obviously any realistic neutrino mass
model should be able to reproduce all neutrino oscillation data, i.e. the two
neutrino mass squared differences along with three neutrino mixing angles
and phases. The aim of our simplified examples was to show the typical
neutrino mass scales in three-loop models; it was not to make a detailed
neutrino flavour fit. However, going beyond the simplified scenario where
there is just one non-zero charged lepton (or down-quark) mass the neutrino
mass matrices given in (4.8) and (4.14) have rank-2. This makes it possible
to fit normal or inverted hierarchical neutrino spectra, including a correct
fit for angles and phases, in both model 1 and model 5. In order to fit
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a degenerate neutrino spectrum, a rank-3 neutrino mass matrix is needed.
This can be achieved easily in model 5 just by adding extra copies of the
new fields, for instance having two copies of F1 and F2. However, fitting a
degenerate spectrum is not possible for the case of model 1, disregarding
the number of copies of the fields. This is due to the antisymmetry of the
Yukawa Y1.12 Again, as with the overall mass scale, our two example models
represent the two typical kind of models, that can be found at three-loop
order.
4.5 Summary
In this chapter we have discussed the complete decomposition of the
Weinberg operator at three-loop order. Our analysis concentrates on finding
those topologies and diagrams that can give the dominant contribution to
the neutrino mass matrix, without the use of additional symmetries beyond
those of the Standard Model. We call such topologies/diagrams genuine.
We considered models with scalars and fermions only.
The requirement of “genuineness” eliminates the large majority of pos-
sible topologies: From more than four thousands, there are 99 topologies
which satisfy this criteria. We have discussed how to identify these cases,
and we listed them in appendix A. Those genuine topologies were sub-
divided into two classes: Normal ones (44 topologies) and special ones (55
topologies). While the former can be found systematically by our selec-
tion criteria, the latter topologies form an exception to our general rules,
as explained in detail in section 4.1.2. This exception is related to the fact
that usually, if any three fields (or four scalars) can interact through a loop,
then they can also do so through a renormalisable local interaction. How-
ever, for special combinations of fields this is is not true: for example, the
Higgs-Higgs-singlet local interaction is null, but a loop with these 3 external
scalars does not need to have a zero amplitude.
The 44 topologies we have found are associated to a total of 228 diagrams
in the electroweak basis, from which one can get three-loop leading order
neutrino masses contributions. Going to the mass eigenstate basis, this list
is reduced to only 18 diagrams (they are shown in figure 4.12). To these
normal genuine diagrams one has to add 271 special ones, in the electroweak
12This can be understood recalling that the rank of any n×n antisymmetric matrix is
at most n−1 for odd n’s, together with the identity rank(AB) ≤ min(rank(A), rank(B)),
for two arbitrary matrices A and B.
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basis, which give another 20 mass eigenstate diagrams (see figure 4.13). All
those diagrams can be calculated with only five master integrals which where
analysed in the literature previously [153]. We give them in appendix B,
where we also show how the loop integrals for specific neutrino mass models
can be constructed with two examples.
We have then also shown in section 4.4, how our general results can
be easily used to build genuine three-loop neutrino mass models. A few
examples are briefly mentioned, and for two of them we have calculated the
neutrino mass scale in more detail. This allows us to estimate the typical
parameter range (couplings and masses), for which these three-loop models
can explain the measured neutrino oscillation data. We find that dimension
5 three-loop models will give a good fit to data if the new particles have
masses roughly in the range 1−103 TeV. Such a low scale is partially testable
at current and future colliders, as well as in experiments searching for lepton
flavour violation. Thus, three-loop models are interesting constructions,
since they are experimentally testable. We hope that model builders will
find our results useful.
Chapter 5
Systematic classification of
two-loop d = 4 Dirac neutrino
mass models
In this chapter, based on [141], we will build on previous works on clas-
sifications of Dirac neutrino models [131, 140, 142, 143] (see section 2.3.3),
and give a systematic classification of dimension four Dirac neutrino mass
models at the two-loop level.
We consider that neutrino masses are generated from the dimension four
operator L̄HcνR. Starting from this operator, in general Dirac neutrino








where n is the number of loops needed to generate the Dirac neutrino
masses, 〈H0〉 ∼ v is the Standard Model Higgs vacuum expectation value
and C is a dimensionless constant containing all the information of the cou-
plings involved in the neutrino mass. The aim of going to radiative models
is that one can explain the smallness of neutrino masses naturally without
requiring extremely small couplings. For instance, focusing on the n = 2
case and in accordance with the cosmological constraints [28], we can take
the neutrino masses to be of the order of the atmospheric mass scale O(0.05)
eV [155], which by means of (5.1) implies couplings of order 0.1-0.01.
The chapter is organised as follows: the main body is presented in the
first section. We start by classifying all the possible topologies realising the
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dimension 4 operator L̄HcνR that can give a dominant Dirac neutrino mass
at two-loop level. We then generate all possible diagrams and arrange them
in three differentiated classes according to their symmetry and field restric-
tions. In section 5.2 we explain how to generate models within each class
of diagrams, and we then illustrate how it can be implemented, studying in
detail two examples in section 5.3.
5.1 Classification: from topologies to models
We start our discussion by first introducing certain key concepts and
setting up the notation in generic terms. Our aim is to consider all possible
decompositions of the dimension four operator L̄HcνR at two-loop level for
Dirac neutrino masses. One of the first key requirements is that the Dirac
nature of neutrinos should be protected by some symmetry. This symmetry
should remain exact and be such that it forbids the Majorana masses at
all loop orders. Such feature can be easily achieved by the global lepton
number U(1)L symmetry already present in the Standard Model or one
of its appropriate unbroken subgroups. However, on general grounds this
symmetry protection can in principle have different origins and need not be
related with lepton number.
Given an appropriate symmetry protecting the Dirac nature of neu-
trinos, the next issue is regarding the leading contribution to neutrino
masses. Since we are interested in two-loop UV completions of the op-
erator L̄HcνR, the tree-level and one-loop contributions should be absent.
This can also happen naturally in many models involving an additional Z2
symmetry [156], a flavour symmetry [157, 158] or chiral U(1)L charges for
νR [125, 159–162]. In fact, it has been recently shown that an appropriate
residual subgroup of the lepton number (or equivalently B − L symmetry)
alone is enough to guarantee the Dirac nature of neutrinos to all loops and
ensure that the leading contribution to neutrino mass only arises at higher
loops [161]. Since all the requirements to have Dirac neutrino masses with
a leading contribution at two-loops can always be met, henceforth we will
take a different approach and not bother about the details of the symme-
tries required for an specific model. Instead, we will rather focus on the
classification of all such possible models in general.
In this section we begin by looking at how one can systematically organ-
ise and analyse all the two-loop realisations of L̄HcνR. We make use of the
usual definitions for topology, diagram and model-diagram, already given in
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section 2.3. An important concept in all the classifications is the genuineness
of a topology or diagram. We identify as genuine those model-diagrams (and
consequently the topologies or diagrams which generate them) for which the
main contribution to the neutrino masses arises at two-loops. Contrary to
the Majorana case, for Dirac neutrinos one always needs a symmetry ar-
gument to forbid the Yukawa coupling L̄HcνR at tree-level, as discussed
before. For this reason, every finite 1 Particle Irreducible (1PI) topology1
is genuine in our sense enforcing the correct symmetry and transformations
of the fields in order to avoid lower order contributions.
Although in principle the choice of the symmetries used to forbid tree-
level masses and ensuring the Dirac nature of neutrinos is model-dependent,
some general conclusions can be given in order to establish a useful classi-
fication for model builders.
It is important to clarify that if one imposes a symmetry that for-
bids the tree-level Dirac mass term, all the realisations of the operator
L̄HcνR(H†H)n with n ∈ N will automatically vanish. For this reason, one
must break such a symmetry, either softly or spontaneously, in order to allow
radiative or higher-dimensional Dirac neutrino mass models such that the
tree-level term is still absent [125, 156, 161]. Keep in mind that any model
with a softly-broken symmetry can be replaced by one with spontaneous
breaking by just adding a VEV-carrying scalar with the adequate charge in
all the soft-breaking terms. Since this would increase the dimensionality of
the UV complete Dirac mass operator, we will not study it further.
5.1.1 Topologies
We generate all possible connected topologies with two-loops, 3- and
4-point vertices and three external lines. This gives a total number of 70
topologies. From these 70 topologies we remove all the topologies corre-
sponding to tadpoles and self-energy diagrams as they always imply infi-
nite parts in the loop integral. Furthermore, since at the topology level
we have not specified the Lorentz nature of the lines, there are also non-
renormalisable diagrams, for instance, 3-point vertices with only fermions or
4-point vertices with a fermion insertion. After removing all these topologies
a small set of 5 1PI topologies remains, shown in figure 5.1.
1Note that, in general, loop integrals have finite and divergent parts. In any consistent
renormalisation scheme infinite integrals always require a lower order counter term to
absorb the infinities, so they are never genuine.
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T1 T2
T3 T4 T5
Figure 5.1: Finite two-loops 1PI topologies with 3- and 4-point vertices
and three external lines. T1 and T2 generate in general genuine models.
Topologies T3, T4 and T5 are a special kind of genuine topologies, diagrams
generated from them are finite but contain a 3-point or 4-point renormal-
isable vertex which can be in principle reducible, generating a lower order
contribution. See the text for details.
These 5 1PI topologies can be divided into two differentiated sets of
topologies. Topologies T3, T4 and T5 contain an internal loop that can be
compressed to a 3-point vertex, whereas the two remaining topologies T1
and T2 do not. One can argue that the latter are genuine, while the former
are corrections to their corresponding one-loop topologies, as they contain a
loop realisation of a renormalisable vertex. Nevertheless, there are various
ways to address this reducibility, leading to differentiated classes at the
diagram level.
As an example, one can construct all possible diagrams of topology T3
and see whether there is a reducible (renormalisable) loop interaction. In
figure 5.2, we can see the procedure to follow. Given a topology one should
introduce scalar and fermion lines such that there are two external fermions
and one external scalar, as required for the diagram to generate effectively
L̄HcνR. Then, one should check if any diagram contains a loop realisation
of a renormalisable vertex (marked in red in figure 5.2). If so, a priori,
the diagram is not genuine. If all of the diagrams generated from a certain
topology are not genuine, then that topology too is considered not genuine.
This is the standard way to address genuineness. In general, one can classify
topologies as genuine checking reducibility on any loop at the diagram level.







Figure 5.2: Set of renormalisable diagrams generated from topology T3. We
found that the topology is not genuine at the diagram level as all the dia-
grams contain a reducible 3-point loop vertex, coloured in red for each case.
The same happens with T4 and T5. Among the diagrams two differenti-
ated sets are given regarding the type of reducible loop vertex. This will
be important at the model-diagram level, in order to promote this a priori
non-genuine diagrams to genuine in section 5.1.3 and section 5.1.4.
Nevertheless, loopholes to this procedure can be found, and we will exploit
them in the subsequent sections.
We now move to the construction and classification of genuine diagrams.
From the set of 5 topologies, a total of 18 diagrams can be built with two
external fermion lines, one external scalar and containing only renormalis-
able vertices. One immediately finds three classes among the 18 diagrams
by looking at the compressibility of one-loop vertices in the diagram, as well
as the Lorentz nature of these vertices.
Note that all these conclusions so far are derived taking into account only
fermions and scalars, but they can be directly generalised to include vectors.
No new topology or diagram appear if vectors are considered. To extend
our classification to vectors one just has to replace one or more scalars with
vectors, provided that the resulting diagram is still renormalisable2.
5.1.2 Completely genuine diagrams
The topologies T1 and T2 do not contain compressible renormalisable
sub-parts. All the diagrams generated from these topologies will be genuine
in our sense. The complete list of diagrams for these two topologies is given
in figure 5.3.
2Note that some vertices with vectors cannot be built such as vector-vector-vector-
scalar.
















Figure 5.3: Set of diagrams which, in general, do not generate a lower order
contribution, i.e. they contain no reducible 3- or 4-point renormalisable
vertex. However, the tree-level Dirac mass term should be forbidden by
some symmetry.
Note that the concept of genuineness stated above implies that these
diagrams will generate at least one model at leading two-loop order. Of
course, if the symmetries and particle content are not well-chosen, one can
find specific sets of fields for these diagrams that generate a lower order
contribution.
As said before, diagrams generated from the rest of the topologies (T3,
T4, T5), will not be straightforwardly genuine, due to the presence of a com-
pressible 3-point loop vertex. Nevertheless, genuineness can be addressed
in various ways and general conclusions can be drawn, as we will discuss in
the next sections.
5.1.3 Diagrams with a fermion-fermion-scalar loop ver-
tex
Naively, we could be tempted to think that, in general, the diagrams of
this class are a set of corrections to the corresponding one-loop diagrams
obtained by shrinking the fermion-fermion-scalar loop vertex. It is trivial
to see that if a renormalisable loop vertex is allowed by the symmetries,
so should be the vertex without the loop. This means that, a priori, this
diagrams will not be genuine in general, as they always generate a one-loop
diagram. However, there are ways to avoid this issue. One can try to forbid
the tree-level vertex which generates the lower order one-loop diagram by
adding an extra symmetry to the Standard Model. Then this symmetry
can be softly broken to allow the loop vertex leading to a two-loop genuine
diagram.
Given the correct extra symmetry and transformation of the fields, one
can use the same symmetry which forbids the Dirac tree-level mass term
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to forbid the tree-level vertex and then break it softly to allow the loop
vertex. Since in this case the forbidden fermion-fermion-scalar coupling is a
hard vertex, the tree-level realisation is still absent after the soft breaking,
while the model remains completely renormalisable. In this sense, the soft
breaking term should be contained in a soft coupling or mass participating
in the fermion-fermion-scalar loop vertex. This procedure thus forbids the
lower order loop diagram but allows the two-loop diagram making use of
the same symmetry that protects Diracness. The diagrams in this class are
given in the figure 5.4.
It is worth mentioning that there is another way to avoid the compress-
ibility of a fermion-fermion-scalar loop vertices. Instead of using a softly
broken symmetry, one can force the fermion-fermion-scalar loop vertex to
contain a derivative choosing the correct chirality of the fermions. This
would make the effective tree-level coupling non-renormalisable (dimension
5 or beyond) [64, 148]. This way to address genuineness was already ex-
plained in section 4.1.2.
5.1.4 Diagrams with a scalar-scalar-scalar loop vertex
Analogous to the class of diagrams discussed in section 5.1.3, the dia-
grams with compressible three scalar vertex are also, in general, corrections
to a one-loop neutrino mass diagrams. Nevertheless, in this case the pro-
cedure with softly broken symmetries (or derivatives) does not work. The
problem arises due to the fact that a three scalar vertex is a soft term,
so the tree-level vertex needs to be included in order to have a consistent
renormalisable model. This makes the procedure useless as the one-loop
diagram cannot be absent.
The solution, first pointed out in [64] and explained in section 4.1.2, is to
introduce a scalar S transforming as (1,1,−1) under the Standard Model
gauge group. The idea is that the antisymmetric SU(2)L contractions makes
the vertex HHS exactly zero at tree-level, while the one-loop (non-local)
realisation of the same operator is in general non zero, see figure 4.4. This
can only be applied to scalar-scalar-scalar vertices with just one copy of the
Higgs and the new singlet S.
In figure 5.5 we give all the diagrams which fall into this class. All the
genuine models generated from these diagrams should contain just one Higgs
and one scalar S ≡ (1,1,−1). In order to fit the neutrino mass spectra, all
such diagrams should also contain at least two copies of a new vector-like
















































Figure 5.4: Set of finite diagrams with a compressible fermion-fermion-
scalar vertex. These two-loop diagrams can be the dominant contribution
to neutrino masses, provided the lower order contributions are forbidden by
a softly broken symmetry. Note that each diagram contains a soft vertex
which breaks the symmetry forbidding the lower order diagrams.
pair of fermions with exactly the same Standard Model charges as those of
either eR or L.
In general, the field content of the models generated from this class of
diagrams is extremely constrained. Contrary to other two-loop diagrams,
here there is only one free choice for the colour, SU(2)L representation or
hypercharge of the particles running in the loops.


























Figure 5.5: Diagrams with a compressible scalar-scalar-scalar vertex. All
these diagrams contain a one-loop (i.e. non-local) realisation of a 3-point
scalar vertex. In each case, the tree-level vertex H(x)H(x)S(x) is exactly
zero, thanks to the fact that the antisymmetric nature of the SU(2)L con-
traction of the two doublets to a singlet. See figure 4.4 for details.
5.1.5 Diagrams in the mass basis
Finally, after spontaneous symmetry breaking the Higgs gets a VEV
generating the neutrino masses. Thus, the external scalar denoting the
Higgs insertion is removed from the diagrams in the mass basis. The initial
set of 18 genuine diagrams obtained in the electroweak basis is reduced to
6 diagrams. In figure 5.6 we show the list of the genuine mass diagrams.
All the mass diagrams can be computed analytically. Following the
results of [163], one can easily decompose any two-loop integral in figure 5.6
in terms of just two master integrals. A more detailed discussion is given
in appendix B.
5.2 Generating models
In this section we will discuss how to assign quantum numbers to the
internal fields of the loops to obtain the model-diagrams. It should be noted
that on top of the gauge group of the Standard Model, an extra symmetry
is needed to forbid the tree-level Dirac mass term L̄HcνR, as well as to
protect the Dirac nature of neutrinos. This can always be achieved by
just one symmetry, which can be a residual subgroup of the global B − L








Figure 5.6: List of diagrams in the mass basis. Note that after removing
the external Higgs line, there is no one-to-one correspondence between the
diagrams in the gauge basis (figures 5.3-5.5) and the mass diagrams given
here.
symmetry of the Standard Model [161]. For now, we will only consider the
Standard Model quantum numbers. The issue of the extra symmetry and
its charge assignment will be discussed in the next section.
Due to the large number of diagrams, it is more convenient to assign the
quantum numbers at the topology level, while fixing the external fields, i.e.
L, H and νR. This leaves us with the seven diagrams given in figure 5.7 and
figure 5.8. The separation into two distinct sets is done because the latter
always requires the field S ≡ (1,1,−1) in order to be genuine, which consid-
erably constraints the possible fields running in the loop. See section 5.1.4
for details.
In figure 5.7, the internal fields Xi depicted as solid lines, can be either
scalars or fermions. The only exception is in the DX1 diagram where, due to
the quartic coupling, X3, X4 andX5 can only be scalars and, in consequence,
they are drawn with dashed lines. This diagram corresponds directly to
diagram D(i)1 . In the rest of the cases the correspondence with the diagrams
in figures 5.3-5.4 depends on whether the fields Xi are scalars or fermions.




2 depending on if X2,






















3 are generated from DX5 .
Since in all diagrams there are two-loops, there are two independent sets
of quantum numbers (colour, SU(2)L representation and hypercharge), that
need to be chosen in order to determine the rest of the fields. To fix the
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Figure 5.7: Auxiliary diagrams with a symbolic assignment of the internal
fields at topology level. The external lines are assigned to L, H or νR, while
the internal fields Xi if represented by solid lines, can be either scalar or
fermions. The arrows indicate the flowing of the quantum numbers.
particle content, we start by assigning quantum numbers to X1 and X2.
Once the gauge charges of these two fields are chosen, all the hypercharges
of all other fields are automatically fixed. For the SU(2)L and SU(3)C rep-
resentations, though, no general straightforward relation can be found since
a product of two fields contains several irreducible representations. In spite
of this, once the representations of X1 and X2 are chosen, the freedom of
the other fields get severely restricted. For simplicity, we will work with
colour singlets, because colour assignments can be trivially added taking
into account that external fields are colour-blind. We will explicitly omit
this quantum number for the internal fields Xi. As a side remark, note that
every new fermion should have its corresponding vector-like partner to pro-
vide mass to them, as a fourth chiral family is excluded by Higgs production
measurements and direct searches.
In table 5.1, we give all possible fields assignments for a general hyper-
charge and up to SU(2)L triplets for the diagram DX1 of figure 5.7.
Table 5.1 is divided in two panels: hypercharge and SU(2)L representa-
tion. Hypercharges can be given in general by solving the system of equa-
tions for each vertex in terms of two input values α1 and α2, which are the
hypercharges of X1 and X2 respectively, as shown in the upper panel of ta-
ble 5.1. In the lower panel, we show all the possible SU(2)L representations
for the internal fields of DX1 up to triplets for different values of the quan-
tum numbers of X1 and X2 in the first row and column, respectively. In the
98 Chapter 5. Classification of two-loop d = 4 Dirac mass models
Hypercharge for DX1
X1 X2 X3 X4 X5
α1 α2 −α1 − α2 α1 − 1/2 α2
SU(2)L representations for DX1
X2
X1 1 2 3
X3 X4 X5 X3 X4 X5 X3 X4 X5
1 1 2 1 2 1 3 1 3 2 1
2 2 2 2 1 3
1
3 2 2 2 2
3 3 2 3 2 1 3 3
1
3 2 3
Table 5.1: The SU(2)L and U(1)Y quantum numbers for the diagram DX1
(T1-i) of figure 5.7. Fixing the charges of the two fields X1 and X2, fixes
the possible charges of all the other X3−5 fields. The possible SU(2)L repre-
sentations (up to triplets) of the fields X1 and X2 are given in the first row
and column of the second table. Their hypercharges are denoted by α1 and
α2, respectively, in the first table. For the rest of the fields X3−5 we give all
the possible hypercharges and SU(2)L representations (up to triplets). For
simplicity, all the fields are colour singlets.
cases when several representations are possible (for example, 2⊗2 = 1⊕3),
the cell is subdivided to indicate that any of the two representations can be
chosen.
Note that certain particular choices of the fields can generate lower order
masses, i.e. tree or one-loop neutrino masses. In contrast to the Majorana
case, here an additional model dependent symmetry is needed such that it
forbids the lower order contributions. A judicious choice of the transforma-
tion of the fields under this symmetry and its appropriate breaking pattern
is sufficient to ensure the genuineness of any two-loop model generated from
figure 5.7 (see section 5.1 for details).
For the diagrams DX2−4, for simplicity we do not give one set of tables for
every diagram, but we unified them with table 5.1 forDX1 . From figure 5.7 it
can be seen that the diagram DX1 is obtained by shrinking the field X6. This
means that for the diagramsDX2 , DX3 andDX4 the fields are identical to those
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X6 −α1 − α2 − 1/2 α2 + 1/2 α1
SU(2)L representations of X6 for DX2−4
X2



















1 2 2 1 3
1
















3 2 2 1 3
1
3 2 2 2 2
1
3
Table 5.2: Standard Model quantum numbers for the field X6 of the dia-
grams DX2 , DX3 and DX4 in figure 5.7. Two input fields are needed X1 and
X2 with hypercharges α1 and α2, respectively, and SU(2)L representations
explicitly given in the first row and column of the right table. These tables
should be completed with table 5.1 which contains the quantum numbers
for the fields X3, X4 and X5, common for all the diagrams. For simplicity,
all the fields are colour singlets.
of DX1 , except for X6. For each assignment of SU(2)L representation and
hypercharge of the fields X1 and X2, the quantum numbers of X6 for each
diagram in DX2−4 are depicted table 5.2, completing the charge assignment
for fields X1−5 in table 5.1, identical for all the diagrams.
The only diagram that do not shrink to DX1 is DX5 , for which a specific
set of tables is needed. For DX5 the quantum numbers are given in table 5.3,
in the same fashion as the example already discussed: (1) two tables are
given for SU(2)L representations and hypercharge, (2) we consider represen-
tations up to triplets, and (3) two input fields are needed X1 and X2 with
hypercharges α1 and α2, respectively, while the SU(2)L representations are
explicitly given in the first row and column of each table.
The diagrams that require the scalar field S ≡ (1,1,−1) in order to be
genuine, are shown in figure 5.8. We show all possible fields, along with
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Hypercharge for DX5
X1 X2 X3 X4 X5 X6
α1 α2 −α1 + 1/2 α1 −α1 − α2 + 1/2 α1 + α2
SU(2)L representations for DX5
X2
X1 1 2 3
X3 X4 X5 X6 X3 X4 X5 X6 X3 X4 X5 X6
1 2 1 2 1 1 3 2
1
3 2 2 3 2 3







3 2 1 2 3 1 3 2
1
3 2 2 3 2
1
3
Table 5.3: Standard Model quantum numbers for the diagram DX5 (D
(vii)
5
and D(x)5 ) in figure 5.7. All the fields are colour singlets.
their SU(2)L×U(1)Y charges, that close the diagrams in section 5.1.4. Like
before, we take all the fields to be colour singlets. As already explained, the
main difference from the diagrams of the previous class (figure 5.7), is the
necessity of a Higgs and the scalar S running in the loop. In these diagrams,
there is only one free set of quantum numbers, i.e. the quantum numbers of
one of the fields running in the loop that generates the effective vertexHHS.
As the external fields are fixed to be one SU(2)L singlet and two doublets,
the quantum numbers of all the fields in the loop can be determined in
general, once we pick the quantum numbers of any one of the remaining
fields. For example, choosing the SU(2)L × U(1)Y charges of X1 field in
figure 5.8 as X1 ≡ (r, α), r denoting the SU(2)L representation and α the
hypercharge, automatically fixes the possible charges of the remaining fields.
Note that unlike the previous class of models, here the coloured particles
can only run in the small loop, see figure 5.8 (right). All the internal fields in
this loop need to have the same SU(3)C representation since all the external
fields are colour singlets.
As stated earlier, the set of models following from the topologies of fig-
ure 5.8 are phenomenologically constrained. In all of them, one of the vector-
like internal fermions must always have the Standard Model quantum num-
5.3. Example models 101
Figure 5.8: Auxiliary diagrams corresponding to those of figure 5.5. The
particle content depicted is the SM HiggsH ≡ (2, 1/2), S ≡ (1,−1), ψL/R ≡
(1, 1), χL/R ≡ (2,−1/2) with charges under SU(2)L × U(1)Y, while the
unknown fields X if solid lines, can be either scalars or fermions. We only
consider colour singlets for simplicity. All the quantum numbers of the fields
are determined once an input field X1 ≡ (r, α) is given with r > 1 (for r = 1
only r + 1 holds). See text for details.
bers similar to either the quantum numbers of L or ec, i.e. χ ≡ (1,2,−1/2)
and ψ ≡ (1,1, 1), respectively. Consequently, limits on their masses can
be derived from collider searches [164,165] and lepton flavour violating pro-
cesses [166], forcing their mass to be at least a few TeV. Nevertheless, these
constraints do not run in conflict with neutrino masses, since even for O(1)
values of the couplings and the internal fermion masses in TeV range, the
neutrino masses can easily beO(0.1) eV scale [60], as required by the current
data.
5.3 Example models
We construct two example models to show in action the ideas discussed
before. We have already presented the basic features and gauge charge
requirements for the internal particles in the two-loop models. However, so
far we have not explicitly discussed the role and nature of the symmetry or
symmetries forbidding the tree-level coupling and/or protecting the Dirac
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nature of neutrinos. Since, as mentioned before, there are various options for
such symmetries, a completely model independent approach is not possible.
Let us now finally address the role of these symmetries by means of some
example models.
There are many ways to arrange the additional symmetries of the model
in such a way that all the necessary features are satisfied, namely neutri-
nos are Dirac particles and the leading contribution to its mass comes from
the two-loop level. Another interesting feature that has been noticed be-
fore [156,157,161,162] is the connection between the Dirac nature of neutri-
nos and dark matter stability. If chosen correctly, the symmetry protecting
the Diracness of neutrinos can also forbid the decay of the dark matter, en-
suring its stability. Thus, the additional symmetry can play multiple roles.
Furthermore, as has been discussed in [161], this symmetry can also forbid
the lower order mass terms. Additionally, it need not be a new symmetry
and can just be a residual subgroup of the global U(1)B−L symmetry already
present in the Standard Model. We will discuss the Diracness-dark matter
stability connection in more details in Chapter 6.
The two examples we show in this section employ the discrete abelian
cyclic Z4 group as the symmetry protecting the Dirac nature of neutrinos.
Although not necessary, this symmetry can be a residual subgroup of the
U(1)B−L symmetry of the Standard Model [156–158, 167] or of some other
U(1)X symmetry [168]. The choice of the Z4 symmetry is done keeping in
mind the Diracness connection to dark matter stability to be discussed in
the next chapter. It is worth to notice that if this symmetry is taken as
Z2 then neutrinos will be Majorana fields [169]. Taking it to be Z3 will
necessarily lead either to decaying dark matter or to the existence of an
accidental symmetry that stabilises dark matter [161, 162]. Therefore Z4
is the smallest group that achieves simultaneously the stability of the dark
matter while protecting the Dirac nature of neutrinos.
For both models the lepton doublets Li and right-handed neutrinos νR,i
transform as “Z4 odd” particles i.e. z1 = eiπ/2 = i under the Z4 symmetry
with z4 = 1.3 This automatically forbids all Majorana mass terms for the
neutrinos at all dimensions and loop orders, and ensures they are Dirac
particles. We also add a Z2 symmetry whose role is to forbid the tree-level
mass term for neutrinos. This symmetry will be softly broken to allow for
the two-loop realisation of the operator LHcνR [156]. We would like to
3We call Z4 odd the fields that transform as odd powers, i.e. the fields transforming
as z1 ≡ i or as z3 ≡ −i under the Z4 symmetry. Similarly, Z4 even are the fields
transforming as even powers i.e. z0 ≡ 1 or as z2 ≡ −1 under the Z4 symmetry.
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Figure 5.9: Completely genuine two-loop diagram that gives mass to neutri-
nos. The blue cross marks the soft breaking term of the Z2 symmetry that
allows the loop realisation of the operator LHcνR forbidding the tree-level.
remark that this additional Z2 symmetry is not always necessary to forbid
the tree-level mass term [125, 159, 161, 162], however we have added it in
order to keep the discussion simple. Further note that, as shown in [161],
all these features can be obtained using only theB−L symmetry without the
need of extra symmetries. Although this construction is appealing because
of its economic symmetry inventory, it is conceptually a bit more involved
than the simple one we choose here as an example.
5.3.1 A genuine two-loop Dirac neutrino mass model
From the diagrams given in section 5.1.2, we choose D(i)1 in figure 5.3
to illustrate how a simple genuine model can be built. As described before,
in contrast to the diagrams of section 5.1.3 and section 5.1.4, the main
characteristic of the models generated from these diagrams is that, a priori,
there is no restriction on the possible internal fields or the position of the soft
symmetry breaking terms. One should only be careful about choosing the
charges of the internal fermions in such a way that the leading contribution
comes at the two-loop order.4
Following table 5.1, for the simplest case when X1 and X2 are SU(2)L
singlets, we construct the model of figure 5.9, whose particle content and
relevant quantum numbers are given in table 5.4. Two extra symmetries,
apart from those of the Standard Model gauge group are added, a Z4 and
a Z2. The former ensures the Dirac nature of neutrinos, at the same time
4For instance, avoid new fermions F with quantum numbers that allow the vertex
LHcF .
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L (2,−1/2) i +
νR (1, 0) i −
eR (1,−1) i +
ER (1,−1) 1 +
EL (1,−1) 1 +





H (2, 1/2) 1 +
S1 (1, 0) i +
S2 (1, 0) i −
S3 (1, 1) 1 +
η (2, 1/2) i +
Table 5.4: Particle content of the completely genuine example model. The
gauge charges along with the Z4 × Z2 charges are also shown. All the
fields listed in the table are SU(3)C singlets. The role of Z4 is to protect
Diracness and to stabilise the dark matter candidate. The lightest particle
among S1, S2, the neutral component of η and the Majorana fermion NL.
The Z2 symmetry forbids the neutrino tree-level mass LHcνR and it is softly
broken to allow the two-loop realisation of such operator.
it also provides the stability of dark matter, while the latter is related to
the smallness of neutrino masses, forbidding the tree-level mass operator
LHcνR. The Z2 symmetry is softly broken in order to allow the loop reali-
sation of figure 5.9. Including all the soft-breaking terms to the Lagrangian
means that we have to add the mass term S†2S1 + h.c., depicted as a blue
cross on the diagram.5
The Z4 charges are chosen to forbid the Majorana mass term for νR. It
also prevents the mixing of the internal fermions with the Standard Model
fermions. This avoids undesirable terms that may mix new fermions with
the charged leptons or the neutrinos. Moreover, Z4 ensures the stability of
the dark matter candidate, in our case the lightest of the “Z4 odd” scalars
and “Z4 even” fermions, i.e. the lightest among (S1, S2, η0, NL).
The new fermions in the loop are of two types. EL,R is a massive,
SU(2)L singlet vector-like fermion carrying hypercharge. Although its quan-
5The soft term Hη†S2 should be added too for consistency, although it plays no role
in the neutrino mass generation or the dark matter stability.
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tum numbers are the same as those of right-handed charged leptons, the Z4
symmetry forbids their mixing. Since it is electrically charged, it cannot be
the dark matter candidate. Therefore, its mass has to be taken sufficiently
high. The fermion NL is also a SU(2)L singlet fermion but carries no hy-
percharge. Owing to its quantum charges, one can write down a Majorana
mass term for it and hence it’s right-handed partner is not needed to give
it mass. Being a neutral Z4 even fermion, it can be a good dark matter
candidate.
The scalars running in the loop, η and Si, must have exactly zero VEV
in order to avoid breaking the Z4 symmetry. Moreover, given their charges
under Z4, the lightest can be a good dark matter candidate, except S3 which
decays to the Standard Model.6
The neutrino mass of the diagram in figure 5.9 is generated from the
following terms of the Lagrangian,
Lν = (Y1)αi LαERiη + (Y2)iαNLiνRαS
†
2 + (Y12)ij NLiERjS3 + h.c.
+ (ME)ij ELiERj + (MN)ij N
c
Li














kSk + ... ,
with α = 1, 2, 3 and where the term µ212 breaks softly the Z2 symmetry.
Other terms of the Lagrangian are not explicitly given, as they are not
relevant for the neutrino mass generation. At this point, there is no need to
fix the number of internal fermion copies. Nevertheless, given the fact that
at least two neutrinos should have mass, the minimal choice in order to fit

















withMEi andMNi the mass eigenstates of the i-copy of the fermions E and
NL, respectively. The dimensionless loop integrals Fij are obtained directly
in the mass insertion approximation assigning momenta to the internal fields
6Specifically, S3 decays via the operator H†H†S3, which can be generated at the
one-loop level with the particle content of the model.
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d4k/(2π)4. Both integrals can be written
in terms of simple one-loop and two-loop integrals, for which analytical
expressions can be found. The decomposition of the integrals F (a) is done
as an example of how to compute two-loop radiative masses in appendix B.
In order to fit the neutrino oscillation data [155], we need at least two
copies of E and NL, so that Yν is a rank-2 matrix, giving masses to two
neutrinos. We have then three rank-2 matrices (Y1, Y2, Y12) with enough
freedom to fit the two neutrino mass squared differences, along with the
three mixing angles and phases. However, here we will only consider the case
with one massive neutrino, by assuming no hierarchy or flavour structure in
the Yukawas and just one copy of the new fermions, i.e. Y1 = Y2 = Y12 = Y .
This is done in order to simplify our analysis and show the characteristic
neutrino mass scale mν in this type of models.
The behaviour of the neutrino mass is given in figure 5.10 in terms of
the couplings of the model and the mass of NL field. Here, we consider
that the masses of the rest of the internal fields are of order 1 TeV. The
atmospheric scale
√
|∆m213| ≈ 0.05 eV is plotted for comparison. The dashed
lines m(a)ν represent the neutrino mass scale when only the loop integral F (a)
is considered, while the solid line is for the complete mass equation (5.3).
In figure 5.10 we see the distinct behaviour of F (1) and F (2) due to the
different numerators. Also, notice how the function decreases when MN
becomes larger than the rest of the masses of O(1) TeV and its propagator
starts dominating the integral. If all couplings are taken to be O(1), the
mass scale should be about 100 TeV. Nevertheless, the cubic dependence
of the neutrino mass with the Yukawas can lower this scale considerably,
allowing masses of order 1 TeV or below accessible at colliders.

















































Figure 5.10: Neutrino mass scalemν (solid line) for the diagram of figure 5.9
with respect to the mass of NL. The rest of the masses are O(1) TeV. The
contributions coming from both F (a), see (5.3), has been separated (dashed
lines). The atmospheric mass scale (yellow line) is plotted for comparison.
See text for details.
5.3.2 Model exploiting the non-local realisation
of HHS
Now we move to a different class of diagrams, those depicted in figure 5.4.
Models generated from these diagrams need certain fields in order to be
genuine. As explained in section 5.1.4, they contain a one-loop three scalar
vertex with one external Higgs. Such loops are reducible unless the other
scalars are another Higgs and the charged singlet S ≡ (1,1,−1), realising
the loop effective coupling HHS (see figure 4.4).
As a simple example of how these models work, we will take the diagram
D
(xi)
3 in figure 5.5 and add to the Standard Model the particle content given
in table 5.5. The role of the cyclic Z4 and Z2 symmetries is analogous to
the previous model.
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L (2,−1/2) i +
νR (1, 0) i −
eR (1,−1) i +
ER (1,−1) i +





H (2, 1/2) 1 +
S1 (1, 1) 1 −
S0 (1, 0) i +
S ′1 (1, 1) i +
η (2, 1/2) i +
Table 5.5: Particle content of the example HHS model. The gauge charges
along with the Z4 × Z2 charges are also shown. All the fields listed in the
table are SU(3)C singlets. Again, the role of Z4 is to protect Diracness
and to stabilise the dark matter candidate: the lightest out of S0 and the
neutral component of η. The Z2 symmetry forbids the neutrino tree-level
mass LHcνR and it is softly broken to allow the two-loop realisation of such
operator.
Note that the new fermions have the same gauge charges as the right-
handed charged leptons and, therefore, they mix. This mixing has to be
controlled in order for the model to be phenomenologically viable. Looking
at the relevant Lagrangian terms,
LνN = (Ye)αβ LαH eRβ + (Y1)αi LαHERi + h.c. (5.5)
+ (ME)ij ELiERj + XαiELi eRα + h.c. ,










Here, α, β = 1, 2, 3 and (i, j) the number of copies of E. Taking the Yukawa
matrices of order 1, it is easy to see that if the elements of matrices X
andME are bigger than the Standard Model vacuum expectation value v,
then the mixing in the left-handed sector will be sufficiently small to avoid
collider constraints. The phenomenology of vector-like singlet leptons has















Figure 5.11: Leading contributions to neutrino masses. The blue cross
marks the soft breaking term of the Z2 symmetry that allows the two-loop
realisation of the operator LHcνR. Note that the small scalar loop cannot
be reduced into a tree-level vertex.
been extensively studied in the literature, setting limits on their masses
around ∼ 100 GeV [165, 166]. Therefore it is safe to consider the mass of
the charged fermions to be around or above the TeV scale. Lepton flavour
violating processes can set also stringent limits on the mass depending on
the value of Y1. Nevertheless, given our model, lepton flavour violation can
be hidden, as there are enough free parameters between Y1 and Y2 in order to
fit neutrino data while suppressing significantly any flavour violating signal.
In the neutrino sector, as explained before, the tree-level mass term
LHcνR is forbidden by the Z2 symmetry. Indeed, this symmetry will forbid
all the loop realisations of such operators unless it is softly broken. Once
we allow the soft breaking of Z2, we have to add only one extra term to the
Lagrangian, S†1S ′1S
†
0. This term is essential and leads to the neutrino mass
diagrams depicted in figure 5.11.
One could be tempted to add also the tree-level couplingHHS1, which is
allowed by the gauge symmetry and Z4 and breaks Z2 only softly. However,
this term vanishes because the contraction HH to a singlet is completely
antisymmetric. Therefore the leading contribution to neutrino masses will
be the two-loop diagrams shown in figure 5.11 (see section 5.1.4 for details).
The lightest among the neutral component of η, S ′1 and S0 will be stable
and thus a good dark matter candidate. In this model all the dark matter
candidates are scalars.
The main feature of this class of models is that given the loop vertex with
two identical Higgs, there are always two contributions simply interchanging
both Higgs. Moreover, both contributions have a relative minus sign due to

















































Figure 5.12: Neutrino mass scale mν (solid line) for the diagrams of fig-
ure 5.11 with respect to the mass of the neutral scalar S0. The rest of
the masses are O(1) TeV. Both contributions are separated and represented
as dashed lines. The atmospheric mass scale (yellow line) is plotted for
comparison. See text for details.
the antisymmetric nature of SU(2)L contractions. Precisely, the minus sign




1 = (H+η0 − H0η+)S
′†
1 . This
can produce a cancellation between both diagrams, leading to a suppression
of the neutrino mass scale as can be seen in figure 5.12.
The corresponding terms of the Lagrangian that appear in the diagrams
of figure 5.11 are,







1 + µ2η†HS0 + h.c. (5.7)








1 + ... ,
where the term µS breaks softly the Z2 symmetry. The rest of the scalar
potential is omitted for simplicity.
5.4. Summary 111

















Here, Mi are the mass eigenvalues of the vector-like fermions E, ∆m20 is the
mass difference between the neutral eigenstates coming from the mixing of
(η0,S0) with mixing angle cos θ0 ≡ c0 and ∆m2+ the same for the charged
eigenstates of (η+,S ′1) with mixing angle sin θ+ ≡ s+.





















− 1((k + q)2 −m2η0)
]
(5.9b)
with D−10 = (k2−M2i )(k2−M2W )(k2−m2S1)(q
2−m2S1)((k+q)
2−m2S0). Both
integrals can be written in terms of simple one-loop and two-loop integrals,
for which analytical expressions can be found, see appendix B.
In the same fashion as before, the neutrino mass scale is given in fig-
ure 5.12 in terms of the couplings of the model and the mass of S0, keeping
other the masses of order 1 TeV. Here, we consider no hierarchy in the
Yukawas, obtaining only a characteristic mass scale for neutrinos. The
contributions for both integrals (5.9) are considered separately, plotted as
dashed lines with labels m(a)ν . The combination (5.8) is depicted as a solid
line.
The overall behaviour is similar to figure 5.10, but with a cancellation
among diagrams. For small masses there is a visible suppression of the
neutrino mass scale that even vanishes when m2S0 ≈ m
2
S′1
, leading to a lower
neutrino mass compared to the previous example.
5.4 Summary
We have discussed the complete decomposition of the Dirac neutrino
mass operator L̄HcνR at two-loop order. We have identified all the 1PI
topologies and diagrams with 3 external legs, two-loops and 3, 4-point ver-
tices which give the dominant contribution to the neutrino mass. We call
such diagrams genuine. From an initial set of 70 topologies, only 5 sat-
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isfy the genuineness criteria (figure 5.1), obtained after removing tadpoles,
self-energy diagrams and non-renormalisable contributions.
A set of 18 renormalisable diagrams are generated straightforward from
the 5 genuine topologies. We classify them in three different classes depend-
ing on the requirements imposed on their possible particle content, in order
to generate a genuine two-loop model. The three diagrams generated from
topologies T1 and T2 given in figure 5.3 are genuine in general. This means
that there is no particular field or symmetry breaking requirement for these
diagrams to be the dominant contribution to neutrino masses. Meanwhile,
the other 15 diagrams contain a one-loop realisation of either a fermion-
fermion-scalar vertex (figure 5.4) or a three scalar vertex (figure 5.5). The
former is genuine if one provides a symmetry transformation that forbids
not only the tree-level but also the one-loop diagram and, then, breaks it
softly allowing the two-loop mass diagram. The latter always requires that
the three scalars of the loop vertex are H, H and S ≡ (1,1,−1). The anti-
symmetric nature of SU(2)L contractions makes the local tree-level operator
H(x)H(x)S(x) zero but not its loop realisations, consequently forbidding
the reduction of this class of two-loop diagrams into their corresponding
one-loop diagrams, see figure 4.4 and section 4.1.2 for details. Finally, we
have found that every neutrino mass generated from the operator L̄HcνR
at two-loop order can be written in terms of 6 mass diagrams or integrals
(figure 5.6). These integrals can be decomposed in terms of two master
integrals for which analytical expressions already exist [60,153].
We have shown how one can generate models from our classification,
listing all possible Standard Model quantum numbers with SU(2)L repre-
sentations up to triplets. Although, for simplicity, we only discussed the
cases with colour singlet fields, nevertheless as explained before, introduc-
ing non-trivial representations of SU(3)C is straightforward as the external
fields are colour-blind. To illustrate how our classification can be used to
generate genuine models, we have constructed and discussed in detail two
different Dirac neutrino mass models. Each of the models is built from two
characteristic sets of diagrams explained in the previous section. One of the
example models uses a completely genuine topology, so that the two-loop
contribution is guaranteed to be the leading order contribution to neutrino
masses. The second example model makes use of the non-locality of the
operator HHS in order to be non-reducible. We have shown that these
types of models are able to fit neutrino oscillation data for reasonable val-
ues of the masses and parameters. Such models may be testable, while a
part of the parameter space is already excluded by collider searches. In this
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direction, a more involved analysis of the phenomenology of these models
would be needed for detailed quantitative results.
Finally, we have not discussed in detail the connection between the sym-
metry that protects the Dirac nature of neutrinos and the stability of dark
matter. We have given two example models where a Z4 symmetry forbids
a Majorana mass term for neutrinos at all orders, and, at the same time,
this same symmetry stabilises a dark matter candidate. For both cases, the
exact Z4 symmetry ensures the stability of the lightest particle belonging
to the dark sector, form of Z4-odd scalars and Z4-even fermions. This is
due to the interplay between the Z2 subgroup of Z4 and the Lorentz sym-
metry, although other possibilities exist, as it will be discussed in detail in
the following chapter. The relationship between the Diracness of neutrinos
and dark matter stability is an attractive possibility intimately connecting
the neutrino and dark matter physics through the same symmetry.

Chapter 6
Dark matter stability and the
nature of neutrino masses
There are particularly attractive scenarios that connect dark matter to
neutrino physics in an intimate manner. The scotogenic model is one such
model where the “dark sector” participates in the loop responsible for neu-
trino mass generation [133]. It is also possible to find scenarios where the
dark matter stability is related to the Dirac or Majorana nature of neutri-
nos [131, 156]. The main idea of these works is to use the Standard Model
lepton number U(1)L symmetry (equivalently, the anomaly free U(1)B−L
symmetry), or its appropriate Zn subgroup, to enforce either Dirac or Ma-
jorana neutrino masses, as well as to stabilise dark matter. In this approach,
the nature of neutrinos and the stability of dark matter are intimately con-
nected, having their origins in the same lepton number symmetry.
In this chapter, based on [161,170], we study in general how the breaking
pattern of lepton number determines whether neutrinos are Dirac or Majo-
rana, depending on the residual Zn symmetry. We aim to relate this same
symmetry to the stability of a dark matter candidate that participates in the
radiative generation of the neutrino masses. Then in sections 6.3 and 6.4,
we describe in detail, as general as possible, the scenarios where neutrinos
are Dirac or Majorana, showing some examples for both cases.
115
116 Chapter 6. Dark matter stability and the nature of neutrinos
6.1 Lepton number and the nature of neu-
trinos
From a theoretical point of view, the issue of the Dirac/Majorana na-
ture of neutrinos is intimately connected to lepton number or, equivalently,
U(1)B−L symmetry of the Standard Model and its possible breaking pat-
tern [169]. If the U(1)B−L symmetry is conserved in nature, then the neu-
trinos will be Dirac fermions. However, if it is broken to a residual Zm
subgroup with m ∈ Z+ and m ≥ 2,1 then the Dirac/Majorana nature will
depend on the residual Zm symmetry provided that the Standard Model
lepton doublets Li = (νLi , lLi)T do not transform trivially under it. Thus,
we have
U(1)B−L → Zm ≡ Z2n+1 withn ∈ Z+
=⇒ neutrinos are Dirac particles ,
U(1)B−L → Zm ≡ Z2nwithn ∈ Z+ (6.1)
=⇒ neutrinos can be Dirac or Majorana .
If the U(1)B−L is broken to a Z2n subgroup, then one can make a further
classification depending on how the Li transform,
Li
{
 ωn under Z2n =⇒ Dirac neutrinos
∼ ωn under Z2n =⇒ Majorana neutrinos
, (6.2)
where ω2n = 1. Note that {1, ωn} form a Z2 subgroup of Z2n. Indeed, we
can conclude that if the Standard Model lepton doublet transforms either
trivially under Zm, or belongs to a Z2 subgroup of the residual Zm symmetry,
neutrinos can be Majorana particles. Else, neutrinos will be Dirac particles.
6.2 Dark matter stability
As pointed out before, if we start with a U(1)B−L symmetry, by con-
trolling its breaking and the charges of the leptons under it, we can have
either Majorana or Dirac neutrinos protected by a remnant Zm symmetry.
1 Z+ being the set of all positive integers.
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We can take advantage of this symmetry to stabilise a possible dark matter
candidate, without adding a new ad hoc symmetry.
Here, we are interested in the case where the residual Zm symmetry, and
consequently U(1)B−L, is responsible for the stability of dark matter. By
this we mean that we want to avoid the appearance of accidental symmetries
that may be ultimately responsible for the stability of dark matter. A well-
known case of the latter is the Minimal dark matter [171], where the dark
matter candidate is stable because no Standard Model particles have the
quantum numbers to couple to it. The accidental nature of the symmetry is
reflected in the fact that, although every operator is invariant at dimension
4, at higher dimensions operators appear which violate the symmetry. This
is for instance the case of lepton number in the Standard Model, though
a symmetry of the dimension 4 theory, it is broken by the dimension five
Weinberg operator.
Without invoking new exact or accidental symmetries, the idea behind
dark matter stability by means of a Zm symmetry is very simple: Zm should
have at least a subgroup Zx, this implies that m cannot be a prime number.
We shall denote as Zm−Zx the elements in Zm that are not in Zx.2 We have
then two possible scenarios for the stability of dark matter from U(1)B−L →
Zm ⊃ Zx:
(I). All the Standard Model fields are charged under Zx:
As Zx is a subgroup and, consequently, it is closed, every operator
build from Standard Model fields will be charged under Zx. So any
particle transforming as an element of Zm − Zx will not decay only
to Standard Model particles at any order. i.e. will be stable. This
is depicted schematically in figure 6.1.
(II). All the Standard Model fermions are charged under Zm − Zx:
In this case the stability of dark matter is not straightforward as
before. Lorentz’s symmetry provides that fermions should appear
in pairs in the operators. With the Standard Model Higgs charged
under Zx, any scalar transforming as an element of Zm − Zx will
be stable. Similarly, a fermion charged under the subgroup Zx will
not decay solely to the Standard Model. Note that this is true only
if the product of any two elements in Zm − Zx always belong to
Zx. Moreover, this relation holds only for even cyclic groups, i.e.
Zm ≡ Z2n, and considering the subgroup Zx ≡ Zn. See figure 6.2.
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Figure 6.1: The decay of the dark matter to the Standard Model is forbidden
by the residual symmetry Zm and protected by the subgroup Zx ⊂ Zm.
In this scenario, the Standard Model is charged under the subgroup Zx,
while the dark matter candidate will be the lightest among the particles
transforming as an element of Zm − Zx. Here, the solid lines denote either
scalars or fermions. For details, see point (I) in section 6.2.
(a) Stable scalar dark matter candi-
date.
(b) Stable fermion dark matter candi-
date.
Figure 6.2: Dark matter stability according to point (II) in section 6.2.
Here, the Standard Model fermions (scalars) transform as an element of
Zm − Zx (Zx). Providing that every Lorentz invariant combination of SM
fields (denoted for fermions as pairs of lines in the figures) transforms under
Zx; the lightest among fermions and scalars charged under Zx and Zm−Zx,
respectively, will be stable.
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In this section, we have focused on the possible model-independent sce-
narios where we can have a completely stable dark matter candidate consid-
ering only the residual Zm symmetry. It is also possible that in some models,
the stability of dark matters comes from the interplay between the Standard
Model symmetries and the discrete symmetry Zm [168]. The other possibil-
ity is that the effective decay operators cannot be UV completed in a model
due to its limited particle content. If this happens, then a new accidental
symmetry will appear in such a model, protecting the dark matter against
decaying. We have not considered such cases as they depend on the details
of the model. Furthermore, we have always been looking for a completely
stable dark matter candidate, it is possible that the dark matter candidate
is not absolutely stable, but it decays slowly enough so that its half-life
is much larger than age of the Universe, being then a phenomenologically
viable dark matter candidate.
6.3 Dirac neutrinos
As we already discussed, to explain dark matter, the particle content
of the Standard Model needs to be extended. Furthermore, to account for
dark matter stability new explicit [133, 172] or accidental symmetries [171]
beyond those of the Standard Model are also invoked. On the other hand,
the understanding of the tiny, yet non-zero, masses of neutrinos also requires
extending the Standard Model in one way or another [55,131].
In this section, we aim to develop a general formalism where the following
conditions are satisfied:
(I). Neutrinos are Dirac in nature.
(II). Naturally small neutrino masses are generated through finite loops,
forbidding the tree-level neutrino Yukawa couplings.
(III). The dark sector participates in the loop. The lightest particle being
stable is a good dark matter candidate.
Usually one needs at least three different symmetries besides those of the
Standard Model to achieve this [127]. However, we show that all of these
requirements can be satisfied with just lepton number, without adding any
extra explicit or accidental symmetries. In our formalism, we employ a chiral
2Note that this is related to the quotient group Zm/Zx.
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realisation of U(1)B−L, spontaneously broken to a residual Zn symmetry.
This U(1)B−L can be anomaly free.
Before going into the details of the formalism, let us briefly discuss
the possibility of chiral solutions to U(1)B−L anomaly cancellation condi-
tions. It is well-known that the accidental U(1)B and U(1)L symmetries
of the Standard Model are anomalous, but the U(1)B−L combination can
be made anomaly free by adding three right-handed neutrinos νRi with
(−1,−1,−1) vector charges under U(1)B−L. However, chiral solutions to
U(1)B−L anomaly cancellation conditions are also possible. The particu-
larly attractive feature of chiral solutions is that by using them one can
automatically satisfy conditions (I) and (II), as shown in [125, 159], using
for instance the chiral solution νRi ∼ (−4,−4, 5) under U(1)B−L symmetry.
Our general strategy is to use chiral anomaly free solutions of the U(1)B−L
symmetry to generate loop masses for Dirac neutrinos and also have a sta-
ble dark matter particle mediating the aforementioned loop. Then, after
symmetry breaking, once all the scalars get a VEV, the U(1)B−L symmetry
will be broken down to one of its Zn subgroups, such that the dark matter
stability and Dirac nature of neutrinos remain protected. This scheme is
shown diagrammatically in figure 6.3.
In figure 6.3 the Standard Model singlet fermions NLi, NRi, as well as
the right-handed neutrinos νR, have non-trivial chiral charges under U(1)B−L
symmetry.3 In order to generate the masses of these chiral fermions we have
also added Standard Model singlet scalars χi which carry U(1)B−L charges.
To complete the radiative neutrino mass generation, additional scalars ϕ, ηi
are required. After the spontaneous symmetry breaking of the U(1)B−L
symmetry, all the scalars χi will acquire VEVs breaking U(1)B−L → Zn
residual symmetry. The fermions NLi, NRi get masses through the VEVs of
the scalars χi, while the neutrinos acquire a naturally small n-loop mass as
shown in figure 6.3.
In order to satisfy all the requirements listed above, several conditions
must be applied. First of all, the model should be anomaly-free:
• The chiral charges of the fermions must be taken in such a way that
the anomalies are cancelled.
In order to obtain non-zero but naturally small Dirac neutrino masses we
impose the following conditions:
• The tree-level Yukawa coupling L̄H̃νR should be forbidden. This im-
plies that apart from the Standard Model lepton doublets Li no other
3It is not necessary that all fermions NLi, NRi be chiral under U(1)B−L symmetry.















































(b) General residual Zn charge as-
signment.
Figure 6.3: General n-loop Dirac neutrino mass diagram, along with the
general charge assignment and its spontaneous symmetry breaking pattern.
For details, see text.
fermion can have U(1)B−L charge of ±1. Furthermore, to ensure that
the desired loop diagram gives the dominant contribution to the neu-
trino masses, all lower loop diagrams should also be forbidden by an
appropriate choice of the charges of the fields. The latter can be done
easily with the help of systematic classifications of radiative neutrino
masses.
• The neutrino mass operator, i.e. L̄Hcχ1 . . . χiνR, has to be invariant
under the Standard Model gauge symmetries as well as under U(1)B−L.
Following the charge convention of figure 6.3, the charges ζi of the
VEV carrying scalars χi should be such that
∑
i ζi = −1 − `, with `
the charge of νR (see figure 6.3a).
• All the new fermions and scalars participating in the neutrino mass
loop must be massive. Since the fermions will be in general chiral, this
mass can only be generated via the coupling with a VEV carrying
scalar. For example, in the diagram in figure 6.3 we should have
−xi + x′i + ζi = 0.
• To protect the Diracness of neutrinos, all the Majorana mass terms
for the neutrino fields at all loops must be forbidden in accordance
with (6.2).
Additionally, for dark matter stability, we impose the following condi-
tions:
• After spontaneous symmetry breaking, the U(1)B−L symmetry is bro-
ken down to a Zn subgroup. We shall consider only Zn subgroups,
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with n a non-prime integer, to protect dark matter stability.4 The
symmetry breaking pattern can be extracted as follows. First all the
U(1) charges must be re-scaled in such a way that all the charges
are integers and the least common multiple (LCM) of all the re-scaled
charges is 1. Defining n as the least common multiple of the charges of
the scalars χi, it is easy to see that the U(1) will break to a residual Zn.
This n is taken to be even as explained before, i.e. n ≡ LCM(ζi) ∈ 2Z.
• Dark sector particles should neither mix with nor decay to Standard
Model particles or to VEV carrying scalars. This can be accomplished
by means of one of the two viable dark matter scenarios explained in
section 6.2:
Given the long list of requirements, most of the possible solutions that
lead to anomaly cancellation fail to satisfy some or most of them. Still, we
have found some simple one-loop and several two-loop solutions that can
satisfy all the conditions.
We demonstrate the idea for a simple example in which the U(1)B−L
symmetry is broken down to a residual Z6 symmetry. However, in general,
many other examples with different residual even Zn symmetries can be
found by applying the given framework.
6.3.1 Realistic example
Let us consider an extension of the Standard Model by adding an extra
Higgs singlet χ with a U(1)B−L charge of 3, along with a scalar doublet
η, a singlet ξ and two vector-like fermions NLl and NRl , with l = 1, 2, all
carrying non-trivial U(1)B−L charges as shown in table 6.1 and depicted in
figure 6.4a.
The neutrino interactions are described by the following Lagrangian,
Lν = yil L̄iη̃NRl + y′li N̄LlνRiξ +Mlm N̄RlNLm + h.c. , (6.3)
where η̃ = iτ2η∗, with the indices i = 1, 2, 3 and l,m = 1, 2. The relevant
part of the scalar potential for generating the Dirac neutrino mass is given
4For a Zn subgroups with n a prime number, there will always be an effective dark
matter decay operator allowed by the residual Zn symmetry. Even then it is possible
that such an operator cannot be closed within a particular model, thus pinpointing the
existence of an accidental symmetry that stabilises dark matter. Another possibility is
that the dark matter candidate decays at a sufficiently slow rate.
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ns Li (2,−1/2) −1 ω
4
νRi (1, 0) (−4,−4, 5) (ω4, ω4, ω4)
NLl (1, 0) −1/2 ω5




s H (2, 1/2) 0 1
χ (1, 0) 3 1
η (2, 1/2) 1/2 ω
ξ (1, 0) 7/2 ω
Table 6.1: Charge assignment for all the fields. Z6 is the residual symme-
try in this example, with ω6 = 1. All the fields are colour singlets. All
the generations have the same quantum number, except the right-handed
neutrinos, for which U(1)B−L and Z6 charges are given for each copy.
L (−1) NR (−1/2)
×
NL (−1/2) νR (−4)
η (1/2) ξ (7/2)
χ (3)H (0)
(a) Charge assignment under
U(1)B−L.






η (ω) ξ (ω)
〈χ〉 (1)〈H〉 (1)
(b) Residual Z6 charge assign-
ment.
Figure 6.4: Diagram generating neutrino masses at one-loop order for the
example model.
by,
V ⊃ m2η η†η +m2ξ ξ†ξ + (λDH†ηχξ∗ + h.c.) , (6.4)
where λD is a dimensionless quartic coupling.
After the spontaneous symmetry breaking of U(1)B−L, the scalar χ gets
a VEV 〈χ〉 = u, giving mass to two neutrinos through the loop depicted in
figure 6.4. Note that only νR1 and νR2 can participate in this mass generation
due to the chiral charges (−4,−4, 5), i.e. y′l3 = 0 in (6.3). The third right-
handed neutrino νR3 remains massless and decouples from the rest of the
model, although it is trivial to extend this simple model to generate its
mass.
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The neutral component of the gauge doublet η and the singlet ξ are
rotated into the mass eigenbasis with eigenvalues m2i in the basis of (ξ, η0).












(−1)iB0(0,m2i ,M2k ) , (6.5)
where Mk (k = 1, 2) are the masses of the Dirac fermions Nk and 〈H〉 = v
the Standard Model VEV. B0 is one of the Passarino-Veltman functions
[173].
As a benchmark point, we can take the internal fermion to be heavier
than the scalars running in the loop, one of which will be the dark matter






y y′ λD , (6.6)
where generation indices have been omitted for simplicity.
For comparison, we can take the Yukawa couplings to be of order 10−2
and the quartic coupling λD ∼ 10−4, like in the original scotogenic model
[133]. We can also take neutrino masses to be of order 0.1 eV and u ∼ v.




y y′ λD ∼ 104 GeV . (6.7)
Compared with the type-I seesaw scale M ≈ y2 v2
mν
∼ 1010 GeV we can
see a five order of magnitude suppression coming from the loop and the
possibility of a broader parameter space.
It is worth mentioning that since the U(1)B−L is anomaly free, it can
be gauged. Then the physical Nambu-Goldstone boson associated to the
dynamical generation of the Dirac neutrino mass [174] is absent.
Regarding dark matter stability in this particular model, we can see
that the lightest particle inside the loop is stable. This is true for both the
fermionic and scalar dark matter candidates. As can be seen in figure 6.4b,
all the internal loop particles are odd under the remnant Z6, while all the
Standard Model particles are even. Translating to the language used in
section 6.2, the Standard Model belongs to the Z3 ≡ {1, ω2, ω4} subgroup
of Z6, while the internal particle in the loop transform as elements of Z6 −
Z3 ≡ {ω, ω3, ω5}, being the lightest among them our dark matter candidate.
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Therefore any combination of Standard Model fields will always transform
under Z3, forbidding all effective operators leading to dark matter decay as
shown graphically in figure 6.1.
6.4 Majorana neutrinos
As pointed out before in (6.1) and (6.2), in order to have Majorana
neutrinos one has to break U(1)B−L symmetry into an even subgroup Z2n.
In addition, the lepton doublets Li should also belong to the subgroup
Z2 ⊂ Z2n, i.e. Li either transform trivially or as ωn with ω2n = 1. A
connection between these symmetries and the stability of dark matter can be
found, as first stated in [161] for Dirac neutrinos. In this section, we follow
an analogous approach linking the generation of naturally small Majorana
neutrino masses with the stability of dark matter providing the appropriate
symmetry breaking pattern U(1)B−L → Z2n. This further implies that
neutrino masses arise at loop level, as the tree-level Majorana and Dirac
masses are forbidden by the symmetry.
In order to do this, new fields with exotic B − L charges are required.
Since in the Standard Model lepton doublets Li have B − L charge −1, in
order to avoid all possible tree-level Dirac mass terms, no new fermion can
carry ±1 charges under U(1)B−L symmetry. Furthermore, the lowest order
Majorana mass term, i.e. the Weinberg operator L̄cLHH, is not invariant
under U(1)B−L, so it is automatically absent. To generate neutrino masses
we should go to higher dimensional operators,
L̄cLHHχ1...χk, (6.8)
where the χi (i = 1, ...k) are scalar fields transforming non-trivially under
U(1)B−L. The operator in (6.8) should be invariant under the Standard
Model symmetries including U(1)B−L. This means that the B − L charges
of the fields χi must sum up to 2. Although in principle some of them
can also have non-trivial transformations under SU(2)L×U(1)Y, for sake of
simplicity we will take all χi to be Standard Model gauge singlets. Since the
χi are charged under that U(1)B−L, once they acquire a VEV, the U(1)B−L
symmetry will break down to a residual Z2n subgroup, with n depending
on the charges of the particles in the model.
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6.4.1 One-loop realisations of the operator L̄cLHHχ
Following this framework, in the simplest scenario, one can realise the
operator (6.8) at the one-loop level with only one field χ with B−L charge
2, i.e. the dimension 6 operator L̄cLHHχ. The possible one-loop realisa-
tions of the operator can be classified, following the philosophy of previous
classifications, into three renormalisable genuine topologies which lead to 10
different diagrams as can be seen in figure 6.5. The concept of genuineness is
then attributed to those models for which the main contribution to neutrino
masses comes from the one-loop level realisation of the operator L̄cLHHχ.
We call topologies or diagrams that generate at least one of these models
genuine by inference. For example, diagrams which unavoidably contain the
vertices (LH + fermion) or (L̄cL + scalar) are not genuine as they would
generate a dominant type-I/III or type-II seesaw contribution, respectively.
The ten different diagrams depicted in figure 6.5 generate 16 model-
diagrams. Each model-diagram is generated from a given diagram by the
different arrangements of the two Higgs doublets and the Higgs singlet χ in
the external scalar lines. For instance, take topology T1, each of its diagrams
generate two model-diagrams inserting χ: (1) in the quartic scalar coupling
or (2) in the trilinear coupling with scalars or fermions. In the case of T3
the arrangement of χ and both Higgses is unique, as a trilinear vertex with
two H is not allowed because it would generate a dominant type-II seesaw
contribution. Note that for each model-diagram there is an infinite series of
possible models as there is always a free set of charges running in the loop.
We shall stop here the discussion about the possible one-loop realisations
of L̄cLHHχ. It is not our intention to make an exhaustive classification, but
to show in a systematic way the wide range of possibilities, yet unexplored.
We will now choose one of the simplest diagrams to build a particular,
consistent and complete model as an example of how this general method
works.
6.4.2 A simple explicit model
In this section, we construct an explicit UV complete model realisation
of the dimension 6 operator L̄cLHHχ, in order to further describe the ap-
plication of the formalism developed in this chapter to Majorana neutrinos.
We add a new vector-like fermion pair FL and FR with charge 1/2 under
U(1)B−L, but singlet under the Standard Model gauge symmetry group.
Since the field breaking the U(1)B−L symmetry, χ, transforms as 2, the
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Figure 6.5: Renormalisable genuine topologies that generate the operator
L̄cLHHχ. For each topology, all the diagrams are given along with the
number of model-diagrams. Each model-diagram can be generated by ar-
ranging in all possible ways the χ and the two H in the external scalar
legs.
fractional charges of the new fields will imply that the breaking pattern is
U(1)B−L → Z4. Note that, given the fractional charges of FL and FR, there
will be no tree-level Dirac mass term for neutrinos.
Additional scalars ηi (i = 1, 2, 3) are also needed to generate a one-
loop contribution to neutrino masses. The relevant matter fields and their
transformation under SU(2)L × U(1)Y × U(1)B−L are given in table 6.2,
as well as the charges under the residual Z4 subgroup that survives after
spontaneous symmetry breaking.
It is clear that the U(1)B−L symmetry given in table 6.2 is anomalous.
The canonical solution to make U(1)B−L anomaly free is to add three right-
handed fermions NR with (−1,−1,−1) charges under B − L symmetry.
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ns Li (2,−1/2) −1 ω
2
eRi (1,−1) −1 ω2
FR (1, 0) 1/2 ω





H (2, 1/2) 0 1
χ (1, 0) 2 1
η1 (2,−1/2) −3/2 ω
η2 (2,−1/2) −1/2 ω3
η3 (2,−1/2) 3/2 ω3
Table 6.2: Particle content of the model with i ∈ {e, µ, τ}. All the fields
listed in the table are colour singlets. The field χ acquires a VEV, breaking
the U(1)B−L symmetry into its Z4 subgroup given the half-integer charges
running in the loop (see text for details).
However, as noted before, these charges are not allowed as they lead to
tree-level Dirac coupling between the Standard Model lepton doublets Li.
Instead, to cancel the anomalies, one can simply add three new neutral right-
handed fermions νR with charges (−4,−4, 5) under U(1)B−L. This charge
assignment also leads to anomaly free U(1)B−L symmetry [125, 159, 160,
175]. Other anomaly free solutions with several additional chiral fermions
carrying exotic B − L charges, can also be found as discussed in [176–183].
However, the (−4,−4, 5) solution seems to be minimal.5 These right-handed
neutrinos can be given Majorana masses through VEV of singlet Higgses,
χ8 and χ10, with charges 8 and 10 under B − L.6 The νR will not play
a role in the light neutrino mass generation, but they could be relevant in
colliders, particularly if one gauges the U(1)B−L symmetry. The dark matter
phenomenology will also be influenced by the addition of these neutral fields.
Note that the residual charges of these fields are (1, 1, ω2), i.e. they are even
fermions and therefore there are effective decay operators allowed by the
symmetry. However, since they would be disconnected from the rest of the
model they would be accidentally stable. This implies that the dark matter
would be multi-component. Another option is to extend the model in such
a way that these neutral fermions decay. The minimal content we found is
5Some of the subsequent works on (−4,−4, 5) can be found in [184–190].
6Note that VEV to these Higgses is also consistent with the U(1)B−L → Z4 breaking.
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the addition of a doublet H6 with charge 6 under B − L and with a small
induced VEV via H6H†χχ†8, along with a singlet scalar with charge 1.
With this setup, the anomaly free B − L will forbid the tree-level mass
term for the neutrinos, but the new field content can accommodate the
one-loop neutrino mass diagram of figure 6.6 in the scotogenic spirit, thus
explaining the smallness of neutrino masses and dark matter stability in a
natural way. We will now write down the complete Lagrangian in several
pieces for a better understanding. The Lagrangian of the model consist of
the following parts:
• Yukawa terms that participate in the one-loop neutrino mass, along
with the vector-like mass of FL,R:
L ∈ Y1 L̄FRη1 + Y2L̄cFLη†2 + M F̄LFR + h.c. , (6.9)
where we have omitted generation indices. In the following expression,
we will use mF for the eigenvalues of M .
• The scalar terms relevant for neutrino masses are given by:
LScalar ∈ κ η†2η3χ + λ η3η1HH + h.c. . (6.10)
Apart from the standard kinetic and gauge terms, the scalar potential
consists of 37 extra different terms which we do not write for simplicity.
SU(2) contractions have been suppressed for brevity.
Regarding neutrino masses, as we pointed out before there is no tree-level
mass term for the neutrinos, since the exotic charges of the new fermions
forbid the Standard Model-like coupling with the Higgs. Moreover, note
that the Weinberg operator L̄cLHH is also forbidden by the same U(1)B−L
charges. The leading contribution to neutrino masses will arise at the radia-
tive level coming from the allowed operator L̄cLHHχ as shown in figure 6.6.
A rough estimation for neutrino masses coming from the diagram in







where u is the VEV of χ and Λ is the characteristic scale of the loop.
The mass of the dark matter candidate will necessarily be lower than this
scale. Note that in order to have two massive neutrinos only one generation
of F is needed, while two generations of F can generate three non-zero



















Figure 6.6: Leading order neutrino mass diagram with B−L charges (left).
After spontaneous symmetry breaking, as χ has charge 2 under B − L and
there are half-integer charged fields, U(1)B−L is broken to its subgroup Z4
(right).
neutrino masses. This is due to, as usual, the sum of two contributions:
one coming from the diagram depicted in figure 6.6 and another coming
from its transpose.
An estimate of the neutrino mass scale can be obtained if one considers
that u ∼ O(10) GeV. With κ order 1 GeV, Y ∼ O(0.1) and λ ∼ O(1), one
can fit the atmospheric scale of 0.05 eV with masses of order 10 TeV.
Moreover, as can be seen from figure 6.6 all the particles running in the
neutrino mass loop are odd under the residual Z4 symmetry. Thus, they all
belong to the dark sector with the lightest among them, i.e. the lightest out
of ηi and FL,R, being a good candidate for stable dark matter. As mentioned
before the stability of the dark matter is owed to the fact that all the dark
sector particles have charges that are odd under the residual Z4 symmetry,
while all the Standard Model particles are even under Z4. Hence, for the
lightest dark sector particle there is no possible effective decay operator at
any order allowed by the remnant Z4, see figure 6.1.
6.5 Summary
To summarise, neutrino masses and dark matter remain two of the most
important shortcomings of the Standard Model. Scotogenic-like models,
where the dark sector particles run in the neutrino mass loop, provide a
particularly attractive scenario to address both these shortcomings in a
Standard Model extension. In this chapter, we have shown that the sym-
metry responsible for the dark matter stability can be obtained as a residual
Zn subgroup of the U(1)B−L symmetry of the Standard Model.
We have listed the general conditions required to have either Dirac or
Majorana neutrinos depending on the residual Zn subgroup, as well as the
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different scenarios where the dark matter stability is ensured by this same
symmetry. We showed that our framework can be applied broadly to many
different cases, yet unexplored.
For Dirac neutrinos, we have described a general framework in which
Diracness and dark matter stability are realised by exploiting the anomaly
free chiral solutions of a global U(1)B−L. This framework can be utilised in a
wide variety of scenarios. We have presented a particular simple realisation
of this idea where neutrino masses are generated at the one-loop level and
the U(1)B−L symmetry is broken spontaneously to a residual Z6 symmetry.
The framework can also be used in models with higher-order loops, as well
as in cases where U(1)B−L symmetry is broken to other even Zn subgroups.
Since the U(1)B−L is anomaly free, it can be gauged in a straightforward
way, giving a richer phenomenology from the dark matter and collider point
of view.
For Majorana neutrinos, we have shown that there are still many un-
explored possibilities. We have particularised to a simple case with just
one extra scalar Higgs singlet and discussed all the possible realisations at
one-loop level. At the end, one simple realistic example with a remnant
Z4 symmetry is explained in more detail to illustrate how the spontaneous
symmetry breaking of U(1)B−L to an even Z2n can be easily accommodated,
granting the stability of dark matter.
Before ending, we would like to remark that, although in this chapter
we focus on one-loop models, this formalism can be implemented at higher




The simplest possibility to generate the Weinberg operator (1.11) is
certainly the type-I seesaw mechanism [81, 82, 84]. In the classical type-I
seesaw the Yukawa vertices are point-like YνL̄HνR and the smallness of the
neutrino masses is controlled by the large Majorana mass, Λ ∼ MR, of the
right-handed neutrinos νR.
After electroweak symmetry breaking with the Higgs VEV, v ≡ 〈H0〉,
the Weinberg operator leads to the light active neutrino Majorana mass
terms. In one generation notation, the active neutrino mass is then given
by the well-known relation,
mν ≈ m2D/MR (7.1)
with mD = Yν 〈H0〉, see section 2.1.1.
Assuming that the Yukawas entering mD take values of order O(1) cur-
rent neutrino oscillation data [155] would then point toMR ∼ 10(14−15) GeV.
This setup, apart from being able to explain neutrino oscillation data, leads
to only one experimentally “testable” prediction: Neutrinoless double-β de-
cay should be observed at some level.
Here, we instead discuss a simple idea, based on [191], that allows for a
much lower scaleMR, even for all involved Yukawa couplings of order O(1),
by effectively generating the Dirac mass term corresponding to the Yukawa
vertices.
We start the chapter by introducing the main idea that we will develop,
the effective type-I seesaw. This realisation of the type-I seesaw, relies on the
radiative generation of neutrino Dirac couplings, discuss in section 7.2 from
a model-independent point of view. This allows us to estimate the typical
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scales for the Majorana mass of neutrinos as a function of the loop level,
at which the Dirac couplings are generated. Afterwards, we study in detail
two concrete example models at one- and two-loop level. We estimate the
neutrino masses, discuss possible constraints from lepton flavour violation
and, finally, turn briefly to dark matter.
7.1 Effective type-I seesaw
As described before, we are interested on lowering the scale MR by gen-
erating the Dirac Yukawa term mD, or correspondingly Yν , effectively. This
corresponds to generate the diagram depicted in figure 7.1. To this end
one can claim that the elementary Yukawa coupling is forbidden by some
symmetry, which being softly broken allows one to generate these vertices









where M is the scale of new physics underlying these operators, supposedly
somewhere above the electroweak scale, and κ is a loop suppression factor.
The Dirac mass term is generated by the operator (7.2) after electroweak
symmetry breaking. We assume that only the Standard Model Higgs ac-
quires a VEV, though it is straightforward to generalise this to non-SM
Higgses with VEVs as well. Then, the resulting effective Yukawa couplings








where ` is the number of loops in the diagram generating the operator (7.2).
As Yν is generated effectively, it can be naturally small, while all couplings
arising in the UV complete theory can take values of order O(1).
As shown in the next section, right-handed neutrino masses of order
the electroweak scale are easily possible in this setup. Such moderately
heavy right-handed neutrinos could be searched for in accelerator based
experiments via displaced vertices. The topic of “long-lived light particles”
(LLLPs) has attracted much attention in the recent literature [192]. A
number of experimental proposals [193–196] could search for this signal.
Sensitivity estimates for right-handed neutrinos for these experiments can







Figure 7.1: Effective type-I seesaw. The neutrino mass is suppressed by the
Majorana mass of νR and by the square of the Dirac Yukawa term Yν which
is generated effectively, see (7.3).
be found in [197, 198], and those for the main LHC experiments can be
found in [199–201].
As we already mentioned, in order to forbid tree-level Dirac Yukawa
couplings, it is necessary to postulate some additional symmetry beyond
the Standard Model gauge group. This symmetry could be either gauged or
discrete. For simplicity, in our model constructions we will concentrate on
discrete symmetries, starting with a Z4 symmetry, that gets softly broken
to an exact remnant Z2 symmetry. Thus, the same symmetry responsible
for explaining the smallness of the neutrino mass is able to stabilise a dark
matter candidate too.
In our setup neutrinos are Majorana particles. However, our construc-
tions have some overlap with papers on Dirac neutrinos. The possibility
that Dirac neutrino masses are small, because they are radiatively gener-
ated has been considered already in the pioneering works of [202–206]. Some
general considerations on how to obtain small Dirac neutrino masses have
been discussed in [140]. Systematic studies of one-loop (and two-loop) Dirac
neutrino masses were given in [142], ( [141] and Chapter 5).
Closer to this setup are the neutrino mass models presented in [207,
208]. In these models neutrinos are Majorana particles with radiatively
generated Dirac mass terms. However, both of these papers presented just
one particular one-loop example model, while here we formulate general
conditions for the implementation of the radiative seesaw type-I mechanism
at any loop order. We also describe in more detail two specific models
at one- and two-loop level. Moreover, different from the example model
in [207,208], our models also have a candidate for cold dark matter.
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7.2 Radiative Dirac Yukawa couplings
In this brief section we discuss the radiative generation of neutrino Dirac
Yukawa couplings from a model-independent point of view. Here, we con-
sider only the d = 4 Dirac mass operator LHν̄R generated via loops. The
mass of the light active neutrinos arises from the diagram depicted in fig-
ure 7.1 and is given by (7.1).
For simplicity, we restrict the discussion to the phenomenologically un-
realistic case of one massive neutrino with no hierarchy or flavour structure
for the Yukawas. This is sufficient for understanding the parameter depen-
dence, and extending to three generations of active neutrinos is straightfor-
ward. The Dirac Yukawa, Yν , can be parametrised in general in terms of
five exponents, (`, α, β, γ, δ) ∈ N+, whose values will depend on the specific












This corresponds to effectively generating the Yukawa via a diagram with
the following features:
• ` loops.
• α insertions of SM Yukawas. Unless the UV model allows for a top-
quark in the loop, this corresponds to a suppression of typically ∼
10−2, from Y SMτ (or Y SMb ).
• β mass insertions of new (vector-like) fermions that are not part of
the SM, all set to MF for simplicity.
• γ dimensionful couplings in the scalar sector, i.e. trilinear scalar cou-
plings.
• δ dimensionless couplings, such as Yukawas or four-point scalar cou-
plings.
For a UV complete model which is genuine, i.e., gives the dominant contri-
bution to the neutrino mass, the possible sets of values of these exponents
are limited. For example, for the simplest case of a one-loop Dirac mass
term, there are only two genuine diagrams [142] (see section 2.2.2) with one
or two mass insertions and, at least, three couplings. So, for ` = 1 it is not
possible to generate a genuine diagram with, for instance, α, β > 2. The
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possible combinations of (α, β, γ, δ) can be deduced from the systematic
studies of radiative Dirac models given in [141, 142], already discussed in
section 2.3.3 and Chapter 5.
For our numerical estimates, we assume that all couplings are in the per-
turbative regime, i.e. ε . 1.1 If µ is a trilinear coupling between some BSM
scalar and the Higgs, it enters the calculation of the stability of the Higgs
potential, i.e. it will induce a modification of the quartic Higgs coupling at
the one-loop level. Thus, we also assume that µ . mS ≡ εmS, in order not
to run into problems with the Standard Model Higgs sector. With these
considerations the light neutrino mass can be written in terms of the same















As this equation shows, neutrino masses generated from this class of models
will be very suppressed. If, for instance, the Dirac neutrino mass arises at
two-loop order, then mν will effectively come from a four-loop diagram with
an extra suppression due to the Majorana scaleMR. Thus, for relatively low
masses of the order of TeV and couplings order one, a reasonable neutrino
mass can be easily obtained.
A rough, but conservative limit on the Majorana mass scale can be
obtained setting all masses in the loop to the same scale Λ = MF = mS.











Note, that the scale Λ does not appear in this simple case in the expres-
sion for mν . This is to be expected, given the dimension of the neutrino
Dirac coupling. Taking as a reference scale the atmospheric neutrino mass√
|∆m231| ≈ 0.05 eV, we can set upper limits on MR as a function of the
exponents ` and α. The limits are given in table 7.1 up to three-loops and
two Standard Model Yukawa insertions. The numbers given correspond to
couplings of order one.
1It is often argued that perturbativity only requires Yukawa couplings to be Y .
√
4π.
However, saturating this limit would imply that higher order contributions are (at least)
equally important than the leading order (that we consider), thus rendering estimates
effectively inconsistent.
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MR α = 0 α = 1 α = 2
` = 1 2× 1010 GeV 2× 106 GeV 2× 102 GeV
` = 2 106 GeV 102 GeV 9× 10−3 GeV
` = 3 4× 101 GeV 4× 10−3 GeV 4× 10−7 GeV
Table 7.1: Estimated values for MR needed to fit a neutrino mass of 0.05
eV with couplings of order one for different realisations of the Dirac mass
operator LHν̄R, considering ` loops and α Standard Model Yukawa inser-
tions. These mass scales constitute a rough, but conservative upper limit
on MR for each class of models parametrised by the exponents ` and α in
(7.6).
Obviously, MR decreases very fast as α or ` increases. This is due to the
fact that for Majorana neutrinos mν depends quadratically on Yν , rather
than linearly. For α = 1 and l = 2 one finds a scale of MR ∼ 102 GeV,
and similar values for α = 2 and l = 1 or α = 0 and l = 3. These are
phenomenologically the most interesting cases.
Apart from the upper limit on the Majorana mass coming from the
neutrino mass scale, lower limits on MR can be set from big bang nucle-
osynthesis (BBN) [209] and the effective number of neutrinos in the early
universe ∆Neff [210]. These limits depend on the mixing angle between the
right-handed and active neutrinos (as a function of the mass MR). For our
class of models, as for the ordinary type-I seesaw, one expects the bound
MR & (0.1− 1) GeV from these considerations [209,210]. This significantly
constrains the space of possible models to only those with three loops or
less, and at most two Standard Model mass insertions (for the one-loop
case). Therefore, in the next section, we will discuss two model examples
in more detail: a one-loop and a two-loop model.
7.3 Examples of models
We show two simple models where the Dirac mass is generated at one-
and two-loops, both containing a stable dark matter candidate that partic-
ipates in the loop. We give an estimate of the neutrino mass scale involved
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for a simplified benchmark, as well as insight into the phenomenological
constraints coming from charged lepton flavour violating processes.
In both models, we assume a Z4 symmetry, which is softly broken down
to the preserved Z2 symmetry, in order to guarantee that the Dirac neutrino
mass matrix is generated at the corresponding loop level. At the same time,
the residual Z2 symmetry stabilises the lightest of the Z2-odd particles.
7.3.1 One-loop Dirac mass
The particle spectrum of the model and their assignments under the
Standard Model gauge and Z4 discrete symmetry are shown in table 7.2.
The scalar sector of the model is composed of the SM Higgs doublet H,
the inert SU(2)L scalar doublet η and the electrically charged gauge singlet
scalar S−. In addition, the Standard Model fermion sector is extended by
the inclusion of a right-handed Majorana neutrino νR 2 and the vector-like
charged leptons χL and χR. The relevant terms for the neutrino mass are,
−LY = Ye LH†ec + YL Lη†χL + YR χRS+νR + h.c. , (7.7)
LM = MR νcRνR +Mχ χRχL + h.c. , (7.8)
where flavour indices and SU(2) contractions have been suppressed for
brevity.
The terms above generate the Dirac neutrino mass matrix at the one-
loop level through the diagram shown in figure 7.2 provided the following
Z4 trilinear soft breaking term is added to the scalar potential,
V ⊃ µS HηS− + h.c. . (7.9)
The softly broken Z4 guarantees that the Dirac mass term is forbidden at
tree-level but generated by loops, i.e. that the diagram is genuine (non-
reducible) [142].
The Dirac mass term can be computed directly from the diagram in
figure 7.2 given the Lagrangians (7.7) and (7.8), and the soft-breaking term
(7.9). In the mass insertion approximation and, for simplicity, setting all
the masses of the internal scalars, as well as the soft-breaking parameter
2We repeat that here we are only interested in a rough estimate for the neutrino mass
scale. For phenomenological reasons, one would need at least two right-handed neutrinos
that generate the solar and atmospheric neutrino mass. Since fits of the type-I seesaw to
neutrino data are straightforward and have been done many times in the literature, we
do not repeat these details here.
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Fields SU(3)C × SU(2)L × U(1)Y Z4 Residual Z2
L (1, 2, -1/2) 1 1
ec (1, 1, 1) 1 1
νR (1, 1, 0) −1 1
H (1, 2, 1/2) 1 1
(χL, χR) (1, 1, 1) (i, i) (−1, −1)
η (1, 2, 1/2) i −1
S− (1, 1, -1) i −1
Table 7.2: Particle content of the example model that generates the one-
loop diagram of figure 7.2 once the Z4 is softly broken by the trilinear term
HηS−. After the breaking of Z4 a remnant Z2 is exactly conserved.






YLYR I1(m2S/M2χ) . (7.10)
The loop integral I1(x) can be written in terms of the Passarino-Veltman
B0 function [173] as,
I1(x) =
1
1− x [B0(0, 1, x)−B0(0, x, x)] . (7.11)
The mass scale of the lightest active neutrino can be directly estimated











This mass scale as a function ofMR is plotted in figure 7.3. Two different
benchmarks with Mχ = MR and mS = Mχ are represented by the solid and
dashed lines respectively. For both cases, we can observe that the neutrino
mass is strongly suppressed even for small values of MR. In the mS = Mχ
scenario, the neutrino mass falls as ∼ 1/MR independently of the one-loop
internal scalar masses. Moreover, in the Mχ = MR scenario, the neutrino
mass is a function of both mass scales mS and MR. It behaves as MR or
1/M3R depending on which of these two scales dominates the loop.







Figure 7.2: One-loop Dirac neutrino mass. The diagram is realised when
the Z4 is softly broken (denoted by the symbol ⊗). As the symmetry is
broken in two units, the diagram is still invariant under a remnant Z2 of
Z4.
The window of allowed MR values that could fit the neutrino oscillation
scalemν ∼ 0.05 eV becomes narrower for larger massesmS. Note that in fig-
ure 7.3 the neutrino mass is plotted for order-one couplings. Consequently,
the points with a neutrino mass lying roughly below the atmospheric scale
are phenomenologically non-viable, as they would require couplings larger
than one (non-perturbative) to give a reasonable mass scale.
Current upper limits on lepton flavour violating (LFV) decays such as
µ → eγ can provide constraints on the parameters of our model. These
depend on specific choices for the Yukawas YL and YR. As (7.12) shows, mν
depends on the product of these couplings, while LFV decays are mostly
sensitive to only YL. There are then two extreme cases: (i) choose YL ' 1
and fit YR to mν as a function of the other model parameters, or (ii) choose
YR ' 1 and fit YL. Case (i) is very similar to the situation in our two-loop
model (see section 7.3.2), and thus we will discuss the details in the next
section. For case (ii), on the other hand, we found that LFV limits do not
impose interesting limits on our one-loop model.
The residual Z2 symmetry ensures that the lightest of the fields running
inside the loop will be stable. In order to not run into conflict with cos-
mology and to provide a good dark matter candidate, one should force the
neutral component of the doublet η to be the lightest of the loop particles.
Similar dark matter candidates have been studied in the literature.3 Consid-
3See for instance the well-known Inert Doublet Model [211] or the Scotogenic model
[55].






























































Figure 7.3: One-loop neutrino mass scale. The dashed line corresponds
to the case where mS = Mχ, while the solid lines depict the case where
Mχ = MR for different scalar masses. The Yukawas YL and YR are set to 1.
BBN excludes MR > (0.1 − 1) GeV, depending on mixing, for this class of
models [209].
ering η as the only source of dark matter, the observed relic density, together
with direct detection limits and the constraints on the invisible width of the
Higgs boson severely limit its mass to lie either around mh/2 ' 62.5 GeV,
in a small region around mη ' 72 GeV or above mη & 500 GeV [212].
7.3.2 Two-loop Dirac mass
Analogously to the first example, we build a two-loop radiative seesaw
model that softly breaks a Z4 discrete group to an exact Z2 symmetry. The
particle content and their transformation properties under the SM gauge
and the Z4 discrete symmetry are shown in table 7.3. We again include a
right-handed Majorana neutrino νR.
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Fields SU(3)C × SU(2)L × U(1)Y Z4 Residual Z2
L (1, 2, -1/2) 1 1
ec (1, 1, 1) 1 1
νR (1, 1, 0) −1 1
H (1, 2, 1/2) 1 1
(FL, FR) (1, 2, -1/2) (i, i) (−1, −1)
η1 (1, 2, 1/2) −i −1
η2 (1, 2, 1/2) i −1
Table 7.3: Particle content of the example model that generates the two-
loop diagram of figure 7.4 once the Z4 is softly broken by the term η†2η1.








Figure 7.4: Two-loop Dirac neutrino mass. The diagram is realised when
the Z4 is softly broken (denoted by the symbol ⊗). As the symmetry is
broken in two units, the diagram is still invariant under a remnant Z2.
The relevant terms of the Lagrangian and the scalar sector invariant
under Z4 are,
−LY = Ye LH†ec + YL FLη2ec + YR νRη2FL + h.c. , (7.13)
LM = MR νcRνR +MF FRFL + h.c. , (7.14)
V ⊃ λ η†1Hη
†
2H + h.c. , (7.15)
An effective Dirac term is generated once the Z4 symmetry is softly
broken in the scalar sector by the term,
−Lsoft = µ212 η
†
2η1 + h.c. . (7.16)
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A Dirac mass appears at the two-loop level, as depicted in figure 7.4, which
can be expressed in the mass insertion approximation, assuming no flavour








I2(m2S/M2F ) , (7.17)
where I2(x) is a dimensionless two-loop function. µ12 is the soft break-
ing mass term depicted by ⊗ in figure 7.4. For simplicity, we set all the
masses of the new internal scalars to mS. Taking into account that the
main contribution of the Standard Model Yukawa Ye would be mτ/v, the

















where, as before, we have set µ12 = mS. I2 can be written in terms of
simple two-loop integrals for which analytical solutions are known [153].
We do not give its decomposition here for brevity, though it can be found
in the literature [60].
The neutrino mass scale, (7.18), as a function of MR is plotted in
figure 7.5. We consider two different approximations: MF = mS and
MF = MR, represented by the dashed and solid lines respectively. As ex-
pected from table 7.1, the neutrino mass is more strongly suppressed com-
pared to the one-loop model described previously. For the case mS = MF
the Dirac Yukawa is independent of the scale, and consequently the neu-
trino mass falls simply as ∼ 1/MR. On the other hand, in the scenario
where MF = MR, this same behaviour is reproduced when mS dominates,
while for values of MR > mS, the neutrino mass follows the curve 1/M5R.
Given the suppression factor (mτ/v)2 ∼ 10−4, and if we take into account
the limit coming from cosmology (BBN), the range of allowed values of MR
which can fit the neutrino oscillation scale matm ∼ 0.05 eV is considerably
limited. For mS > 102 GeV, MR has to be MR . 102 GeV. This makes the
model testable in future heavy neutral lepton searches.
We mention again that the remnant Z2 symmetry stabilises the lightest
of the fields that are odd under this symmetry. Fermionic dark matter
coming from a doublet is ruled out by direct detection experiments [171],
while for the scalar inert doublet the same limits described in the previous
section apply.















































































Figure 7.5: Two-loop neutrino mass scale assuming that mS = MF and
MF = MR, depicted as dashed and solid lines respectively. All dimensionless
couplings are set to 1 and the BBN exclusion region is indicated on the left.
Turning to LFV processes, figure 7.6 shows Br(µ → eγ) as a function
of MR for two different scenarios, already mentioned in section 7.3.1: (i)
choose YL ' 1 and fit YR to mν , or (ii) choose YR ' 1 and fit YL. All other
possible Yukawa choices lie between these extremes. The dominant (one-
loop) contribution to Br(µ → eγ) comes always from YL, which directly
connects the new particles with the Standard Model leptons. ForMF = MR
and YR = 1 the branching is dominated by the fit of the neutrino mass,
(7.18). The branching increases as a function of MR as YL gets larger,
counteracting the suppression of 1/M5R in the neutrino mass. We stop the
calculation when YL grows larger than 1. In contrast, for YL = 1 there
is no dependence from the neutrino mass fit, but rather a suppression of
1/M4R when this mass scale dominates over mS in the µ→ eγ loop function
[215]. The regions in between these extremes are the allowed regions for
this neutrino mass model.



























































Figure 7.6: Estimate of the branching ratio of µ → eγ as a function of
MR for different values of mS fitting the neutrino mass to matm. The areas
between the coloured lines are allowed in this model, see text. The grey
lines represent the values ofMR where one of the Yukawa couplings becomes
non-perturbative in order to fit neutrino oscillation data. The shaded region
represents the experimentally excluded area for Br(µ→ eγ) > 4.2× 10−13
[213], while the purple line corresponds to the future prospect limit from
MEG Collaboration [214].
7.4 Summary
We have constructed a new realisation of the type-I seesaw mechanism
based on radiatively generated Dirac neutrino masses. We showed that this
class of models can naturally generate a small neutrino mass for order-one
couplings and relatively low mass scales. Compared to the standard type-
I seesaw mechanism, for which the Majorana mass scale should be of the
order of the GUT scale, we found viable models even for MR below 100
GeV. Parametrising the neutrino mass in terms of five integers, we derived
a conservative limit on MR for each set of models, requiring only that they
should fit the atmospheric neutrino mass scale. The strong suppression of
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the light neutrino mass with the number of loops, i.e. (1/16π2)2`, along with
the seesaw Majorana mass suppression allows remarkably low MR values.
This fact makes models with a large number of loops (or Standard Model
mass insertions) run into conflict with big bang nucleosynthesis and ∆Neff ,
which therefore significantly constrains the space of possible models.
To illustrate this idea in further detail, we presented two example models
where the Dirac neutrino mass matrix is generated at the one- and two-
loop level. The latter lies at the edge of the excluded models. An extra Z4
symmetry is incorporated to forbid a tree-level Dirac mass, but it is broken
softly in order to radiatively generate the Dirac Yukawa. A remnant exact
Z2 symmetry is kept stabilising the lightest of the Z2 charged fields and




phenomenology of d = 7
neutrino mass models
A Majorana mass term for neutrinos always implies also the existence
of lepton number violating (LNV) processes. The best-known example is
neutrinoless double-β decay (0νββ), for reviews see [68, 216]. A high-scale
mechanism, such as the classical seesaw type-I [81,82,84], however, will leave
no other LNV signal than 0νββ decay. From this point of view, models in
which the scale of LNV is around the electroweak scale are phenomenolog-
ically much more interesting.
Low-scale Majorana neutrino mass models need some suppression mech-
anism to explain the observed smallness of neutrino masses [62]. This sup-
pression could be due to loop factors [58, 60], or neutrino masses could be
generated by higher order operators [57,93], or both. In this chapter based
on [96], we will study the phenomenology of a particular class of models,
namely d = 7 one-loop models [61] already discussed in Chapter 3. Our
main motivation is that d = 7 one-loop contributions to neutrino masses
can be dominant only, if new particles below approximately 2 TeV exist.
This mass range can be covered by the LHC experiments in the near future,
if some dedicated search for the LNV signals we discuss in this chapter is
carried out.
Apart from LNV signals, the parameter space of d = 7 neutrino mass
models can be constrained by a variety of searches. First, neutrino masses
and angles should be correctly fitted. Since we now know that all three ac-
tive neutrino mixing angles are non-zero, this fit leads to certain predictions
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for lepton flavour violating decays. We therefore discuss also current and
future constraints coming from µ → eγ, µ → 3e and (µ − e) conversion in
nuclei.
Constraints on our models come also from lepton number conserving
LHC searches. The same-sign dilepton searches [217–220] can be recast
into lower mass limits valid for our models. In addition, also multi-lepton
searches [221], motivated by the seesaw type-III, can be used to obtain in-
teresting limits.
The chapter is therefore organised as follows. In the next section, we
discuss the basic setup of d = 7 models and then present the Lagrangians
and neutrino mass diagrams of our two example models. These models are
taken from the classification done in Chapter 3. In section 8.2 we calculate
neutrino masses and constraints from low energy probes. We then move
to the discussion of LHC phenomenology in section 8.3. We first derive
constraints from existing searches, before discussing possible searches for
LNV final state.
8.1 Theoretical setup: d = 7 models
Before we discuss our example models, it may be useful to recapitulate
some basics about Majorana neutrino masses in general and d = 7 models
in particular. Majorana neutrino masses can be generated from d = 5 + 2n
operators,
Od=5+2n = LLHH × (HH†)n , (8.1)
where the lowest order, d = 5, is the well-knownWeinberg operatorOW [49].
Higher order contributions to neutrino masses are expected to be sub-
dominant, unless the underlying model does not generate OW . This can be
achieved essentially in two ways: Either via introducing a discrete symme-
try [57] or simply because the particle content of the model does not allow
to complete the lowest order operator [61, 93]. We will not be interested
in models with additional discrete symmetries here, since such models, al-
though interesting theoretically, usually are based on additional Standard
Model singlet states, which leave very little LHC phenomenology to ex-
plore.1 Consider, instead, the BNT model [93] (section 2.1.1). This d = 7
tree-level model introduces a vector-like fermion pair, Ψ and Ψ̄ with quan-
tum numbers 3F1 and a scalar quadruplet S ≡ 4S3/2. (Here and elsewhere we
1“Sterile” neutrino searches at the LHC provide of course constraints on these models.
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will use a notation which gives the SU(2)L representation and hypercharge
in the form RY with a superscript S or F , where necessary.) By construc-
tion, at tree-level the lowest order contribution to the neutrino masses is
d = 7. Being higher order, already at tree-level, two new particles are
needed in order to generate a neutrino mass. This model has a rich LHC
phenomenology [93, 95] and, in particular, generates the LNV final state
W±W±W± +W∓l∓l∓.
The BNT model is unique at tree-level in the sense that no additional
symmetries are required to make it the leading contribution to neutrino
masses (we call such models “genuine”). In Chapter 3, we have analysed
systematically d = 7 one-loop models. While there exists a large number
of topologies, only a few of them can lead to genuine d = 7 models. These
topologies can still generate 23 different diagrams, but all models underlying
these diagrams share the following common features: (i) five new multiplets
must be added to the Standard Model particle content; and (ii) all models
contain highly charged particles. In all cases, there is at least one triply
charged state. Thus, one expects that all d = 7 one-loop models have
rather similar accelerator phenomenology. For this reason, we concentrate
on only two of the simplest example models.2
According to the classification shown in Chapter 3, one can classify the
d = 7 models w.r.t. increasing size of the largest SU(2)L multiplet. There
is one model, in which no representation larger than triplets is needed. All
other models require at least one quadruplet. Our two example models,
introduced below, are therefore just the simplest realisations of Od=7 at
one-loop, but are expected to cover most of the interesting phenomenology.
Finally, let us recall an important fact about the higher order operator
(8.1). As discussed in section 3.1, the operatorOd=7 generates automatically






It is easy to estimate that this loop contribution will become more important
than the tree-level if Λ & 2 TeV. Our main motivation for the present study
is that the LHC can explore large parts of this parameter space.
2Strictly speaking this is true only for variants of the d = 7 one-loop models for which
the particles appearing in the loop are colour singlets. For a brief discussion for the case
of coloured particles see section 8.4.
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8.1.1 Triplet model
Our first example model is the “minimal” one-loop d = 7 model. This
model, depicted in figure 8.1 to the left, is minimal in the sense that it uses
no multiplet larger than triplets. The model adds two new (vector-like)


































†ΨPLL + Y2ψ1PLLη3 + Y3η
†
1Ψψ1 (8.3)
+ Y4η1ΨPLL + Y5 eRη†1ψ1 + h.c.
]
−MΨΨΨ−Mψ1ψ1ψ1 − Vscalar ,
with the scalar potential given by,

































+λ8(H†H)(η†1η1) + λ9(H†H)(η†2η2) + λ10(H†H)(η†3η3) (8.4)
+λ11(η†1η1)(η†2η2) + λ12(η†1η1)(η†3η3) + λ13(η†2η2)(η†3η3)
+λ14(H†η1)(η†1H) + λ15(H†η2)(η†2H) + λ16(H†η3)(η†3H)
+λ17(η†1η2)(η†2η1) + λ18(η†1η3)(η†3η1) + λ19(η†2η3)(η†3η2) .
The model contains many charged scalars, but the only neutral scalar is in
the Standard Model Higgs doublet.
From the Yukawa couplings only Y1, Y2, Y3 enter the neutrino mass
calculation directly, see next section. Similarly, from the scalar terms only
the coupling λ2 and mass term µ1 and the mass matrix of the doubly charged























Figure 8.1: One-loop dimension 7 neutrino mass diagrams for the triplet
model (left) and for the quadruplet model (right). Diagrams are given in
the gauge basis.
scalars play an important role. We therefore give here only the mass matrix


































The mass matrix of the doubly charged scalars (8.5) can be diagonalised
by,
M̂2η++ = RTη++M2η++Rη++ . (8.7)
All other mass matrices of the model can be easily derived, and we do not
give them here for brevity.
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8.1.2 Quadruplet model
Our second example model makes use of the quadruplet S. The corre-
sponding neutrino mass diagram is given in figure 8.1 to the right. The full


















 ∼ 3F3 ,












2PLLχ2 + Y3χ1S χ2 + Y4eRχ1φ2 (8.8)
+ Y5eRH†χ1 + Y6eReRφ1 + h.c.
]
−Mχ1χ1χ1 −Mχ2χ2χ2 − Vscalar ,
where the scalar potential is defined as,
Vscalar = m2HH†H +
1
2λ1(H























+λ9(H†H)(φ†1φ1) + λ10(H†H)(φ†2φ2) + λ11(H†H)(S†S) (8.9)
+λ12(φ†1φ1)(φ†2φ2) + λ13(φ†1φ1)(S†S) + λ14(φ†2φ2)(S†S)
+λ15(H†φ2)(φ†2H) + λ16(H†S)(S†H) + λ17(S†φ2)(φ†2S) .
Note that the term proportional to λ2 will induce a non-zero value for the
VEV of the neutral scalar S, even if m2S is positive. One can thus take
either λ2 or vS as a free parameter and solve the tadpole equations for the
other. In our numerical calculation we choose vS as input.
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8.2 Low energy constraints
In this section we will discuss non-accelerator constraints on the param-
eters of our two example models. We consider first neutrino masses and
angles and then turn to lepton flavour violating (LFV) decays. The LHC
phenomenology is discussed in section 8.3.
We have implemented both of our example models in SARAH [222,223].
Using Toolbox [224], the implementation can be used to generate SPheno
code [225,226], for the numerical evaluation of mass spectra and observables,
such as LFV decays (µ→ eγ, µ→ 3e etc) calculated using Flavour Kit [227].
The Toolbox subpackage SSP has then be used for our numerical scans.
8.2.1 Neutrino masses
Here we discuss the calculation of neutrino masses in our two example
models. We first consider the triplet model, then only briefly summarise
the calculation of the quadruplet model, since it is very similar in both
cases. Note that SPheno calculates one-loop corrected masses numerically.
We have checked that the description given below agrees very well with the
numerical results from SPheno.
The triplet model is described by the Lagrangian given in (8.3) and gen-
erates d = 7 one-loop neutrino masses via the diagram shown in figure 8.1 to
the left. Rotating the doubly charged scalars to the mass eigenstate basis,











) [(Y1)α(Y2)β + (Y1)β(Y2)α] .
Here (Rη++) is the rotation matrix defined in (8.7) and mSi are the eigenval-
ues of (8.5). B0(0,m2ψ1 ,m
2
Si
) is a Passarino-Veltman function [173]. Note
that (8.10) is already an approximation: Ψ0 mixes with the light active
neutrinos. So, the total neutral fermion mass matrix is 4×4. However, this
mixing should be small and is estimated here simply by the factor Y3v
mΨ
.
In the numerical calculation we have used (8.10) to fit the neutrino
masses of the model to neutrino oscillation data. However, in order to have a
better understanding of the dependence of (8.10) on the different parameters
of the Lagrangian, we also give the expression of the neutrino mass matrix
in the mass insertion approximation. We replace the full diagonalisation
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matrices and eigenvalues of the doubly charged scalar mass matrix by their
leading order ones. The resulting equation can be written simply as,
































(8.11) shows that neutrino angles predicted by the model depend on ratios
of Yukawa couplings, while the overall mass scale is determined by the pref-
actor F . The model has the interesting feature that det(mν) = 0. Therefore
it can fit only hierarchical neutrino mass spectra (normal or inverse), but
not a degenerate spectrum.3 The eigenvalues of (8.11) are,












for normal (inverted) hierarchy. From (8.13), one can estimate the con-
straints from neutrino masses on the size of the Yukawa couplings. In order
to reproduce the neutrino mass suggested by atmospheric neutrino oscilla-
tions (mν3 ∼ 0.05 eV), keeping the mass scale of the new particles M ∼ 1
TeV, the scalar coupling λ2 ∼ 1 and mass term µ ∼ 1 TeV, the Yukawa
couplings Y1, Y2, Y3 must be set typically to O(10−2). Note, however, that
this is only a rough estimate and in our numerical calculations we scan over
the free parameters of the model. As discussed in the next subsection, LFV
produces upper limits on these Yukawa couplings very roughly of this order.
In our numerical fits to neutrino data, we do not only fit to solar and
atmospheric neutrino mass differences, but also to the observed neutrino an-
gles [228]. This is done in the following way. First, we choose all free param-
eters appearing in the prefactor F . These leaves us with the six free param-
eters in the two vectors Y1 and Y2. Two neutrino masses and three neutrino
angles give us five constraints. We arbitrarily choose (Y1)e as a free param-
eter, the remaining five entries are then fixed. Since det(mν) = 0, finding
3In order to fit also a quasi-degenerate spectrum we would need to include more than
one copy of Ψ or/and ψ1.
8.2. Low energy constraints 157
the solutions for those five parameters implies solving coupled quadratic
equations, which can be done numerically.
For the quadruplet model we show the neutrino mass diagram in fig-
ure 8.1 to the right. The Lagrangian of this model is given in (8.8). The













) [(Y1)α(Y2)β + (Y1)β(Y2)α] . (8.14)
Here RS++ and Rχ++ are the matrices which diagonalise the doubly charged
scalar and fermion mass matrices in the quadruplet model. As in the triplet
model, det(mν) = 0. Thus, the fit of neutrino data is analogous to the one
described above for the triplet model. Recall, however, that in the numerical
calculation we use the induced VEV vs as a free parameter.
8.2.2 Lepton flavour violating decays
As is well-known, experimental upper limits on lepton flavour violat-
ing decays provide important constraints on TeV-scale extensions of the
Standard Model, see for example [62, 229] and references therein. Flavour
Kit [227] implements a large number of observables into SPheno [226]. In
the following we will concentrate on µ→ eγ, µ→ 3 e and (µ−e) conversion
in Ti.
Currently, µ → eγ [213] and µ → 3e [230] provide the most stringent
constraints. There is also a limit on (µ−e) conversion in Ti [231]. However,
while there will be only some improvement in the sensitivity in µ→ eγ [214],
proposals to improve µ→ 3 e [232] and (µ− e) conversion on both Ti [233]
and Al [234] exist, which claim current bounds can be improved by 4-6
orders of magnitude. Constraints involving τ ’s also exist, but are much
weaker. Thus, while we routinely calculate constraints also for the τ sector,
we will not discuss the results in detail.
Again, let us first discuss the triplet model. The Lagrangian (8.3) of
the model contains five different Yukawa couplings. We can divide them
into two groups: Y1, Y2 and Y3 enter the neutrino mass calculation, while
Y4 and Y5 are parameters with no relation to mν . This implies that for the
former, neutrino physics imposes a lower bound on certain products of these















Figure 8.2: Example diagrams for µ→ eγ in the triplet model, proportional
to (Y4)e(Y4)µ (left) and (Y5)e(Y5)µ (right).
Yukawas (as a function of the other parameters), while the latter could, in
principle, be arbitrarily small.
Consider first the simpler case of Y4 and Y5. The diagrams in figure 8.2
show contributions to µ → eγ due to these couplings. The current upper
limit on Br(µ → eγ) then puts a bound on both, Y4 and Y5, of roughly
(Y4/5)e(Y4/5)µ . 10−4 for masses of η1 and Ψ or χ of the order O(1) TeV.
The fit to neutrino data imposes relations among the parameters Y1, Y2
and Y3, see the discussion in the previous section. Thus, the dependence of
LFV decays on these parameters is slightly more subtle. Figure 8.4 shows
results for calculated branching ratios of µ→ eγ, µ→ 3 e and (µ− e) con-
version in Ti, for several different choices of parameters, as function of Y3.
The horizontal lines show current experimental limits (full lines) and future
expected sensitivities (dashed lines). Note that Y3 has no lepton flavour
indices and, thus, by itself can not generate a LFV diagram. Instead, for
fixed values of masses and the parameters λ2 and µ1, the prefactor F de-
termining the size of the calculated neutrino masses (8.12) depends linearly
on Y3. Keeping neutrino masses constant while varying Y3, thus leads to a
corresponding change in (the inverse of) Y1 × Y2. For this reason, for small
values of Y3 the branching ratios in figure 8.4 decrease with increasing Y3.
For the largest values of Y3, diagrams with additional Y3v/mΨ insertions
can become important and branching ratios start to rise again as a function
of Y3. Note that in all calculations in figure 8.4, we have chosen Y4 and Y5
small enough, such that their contribution to the LFV decays is negligible.
Both, Y1 and Y2, generate LFV decays. Whether diagrams proportional
to (Y1)e(Y1)µ or to (Y2)e(Y2)µ give the more important contribution to µ→
eγ depends on the (mostly) arbitrary choice of (Y1)e. In figure 8.4 we plot
results for three different choices of (Y1)e. For (Y1)e = 10−2 there is a large
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Figure 8.3: (Continues in figure 8.4).
range of Y3, for which µ → eγ and µ → 3 e remain constant. In this case,
diagrams proportional to (Y1)e(Y1)µ dominate the partial width.
We also show in figure 8.4 two different choices of the parameter µ1. To
the left: µ1 = 1 TeV, to the right µ1 = 1 GeV. Smaller values of µ1 require
again larger values of the Yukawa coupling Y2, and thus lead to larger LFV
decays. While for µ1 = 1 TeV nearly all points in the parameter space are
allowed with current constraints, once (Y1)e is smaller than roughly (few)
10−3, for µ1 = 1 GeV large parts of the parameter space are already ruled
out. For µ1 ' 10−2 GeV and masses below 2 TeV there remain already now
no valid points in the parameter space which, at the same time, can obey
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Figure 8.4: Lepton flavour violating decays calculated in the triplet model.
Top panel: Br(µ → eγ); middle panel: Br(µ → 3 e); bottom: (µ − e)
conversion in Ti. Rates are plotted versus the coupling Y3, for discussion
see text. Left row: µ1 = 1 TeV, right row µ1 = 1 GeV. The full (dashed)
horizontal lines are the current limits (and future expected sensitivities).
This figure is a continuation of figure 8.3.
upper limits from µ→ eγ and explain neutrino masses, except in the small
regions where different diagrams cancel each other exactly accidentally.
It is worth to mention that for the triplet model the branching ratio of
µ → 3 e is higher than the corresponding of µ → eγ. Naively one would
expect the former to be two orders (an order of αEM) lower than the latter.
However, µ→ eγ occurs at one-loop level, while in this model there exists a
tree-level diagram for µ→ 3 e mediated by a Z0, due to the mixing between
leptons and Ψ+, proportional to (Y1)e(Y1)µ. Other tree-level contributions
mediated by doubly charged scalars are also possible due to this mixing.
These are proportional to (Y4)µ(Y4)e(Y1)e(Y1)e, so the upper limit given by
µ→ eγ is still dominant.
The plots in figure 8.4 also show the discovery potential of future µ→ 3 e
and (µ−e) conversion experiments. In particular, an upper bound on (µ−e)
conversion of the order 10−18 would require both, very small Yukawas (for
example: (Y1)e . 10−5) and a large value of µ1 & 1 TeV at the same time.
All other points in the parameter space of the triplet model (assuming
they explain neutrino data) with masses below 2 TeV, should lead to the
discovery of (µ− e) conversion. This is an interesting constraint, since such
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Figure 8.5: (Continues in figure 8.6).
small values of the Yukawa couplings would imply very long-lived particles
at the LHC. We will come back to this discussion in the next section.
We now turn to a discussion of LFV in the quadruplet model. Simi-
larly to the triplet model, we can divide parameters into two groups: Y1-Y3
depend on the neutrino mass fit, while Y4-Y6 are unconstrained parame-
ters. Constraints on Y4 and Y5 from LFV are very similar to those found
in the triplet model. The constraints on Y6 are somewhat more strin-
gent, (Y6)µe(Y6)ee . 10−5, since there exists a tree-level diagram via doubly
charged scalar exchange contributing to the decay µ→ 3 e.
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Figure 8.6: Lepton flavour violating decays calculated in the quadruplet
model. Plots to the left show results for different choices of the quadruplet
VEV vS, while the ones to the right use different masses for the new scalars
and fermions. Here, we assume that all new particles have similar masses
of the order indicated in the figure panels. This figure is a continuation of
figure 8.5
Turning to Y1-Y3, figure 8.6 shows some sample calculations of LFV
decays as function of Y3 in the quadruplet model. The plots to the left
show µ → eγ, µ → 3 e and (µ − e) conversion in Ti, for several different
choices of the quadruplet VEV vS. Smaller values of vS need larger values of
the Yukawa couplings Y2 for constant neutrino masses. Thus, LFV decays
are larger at the same values of Y3 for smaller values of vS.
The plots on the right of figure 8.6 show the same LFV decays, for a fixed
value of vS = 0.1 GeV, but different values of the new scalar and fermion
masses. As simplification in this plot we assume that all new scalars and
fermions have roughly the same mass, M , as indicated in the plot panels.
Larger values of masses lead to smaller LFV decay widths, as expected. As
also is the case for the triplet model, future bounds from µ→ 3 e and (µ−e)
conversion will test most of the relevant parameter space of the quadruplet
model up to masses of order 2 TeV.
In fact, even for masses as large as 2 TeV, non-observation of (µ − e)
conversion would put an interesting lower limit on the value of vS, which we
roughly estimate to be around vS = 0.1 GeV. Note that there is an upper
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limit on vS from the Standard Model ρ parameter of the order of vS . 2.5
GeV [93].
In summary, the non-observation of LFV decays can be used to put
upper bounds on the Yukawa couplings of our models. At the same time the
observed neutrino masses require lower bounds on these Yukawa couplings
and the combination of both constraints result in a very restricted range of
allowed parameters. We have shown this explicitly only for our two example
models, but the same should be true for any of the possible (genuine) d = 7
one-loop models.
8.3 Phenomenology at the LHC
One of the main motivations to study neutrino mass models at dimension
7 and one-loop is that they can be dominant only if new particles below
approximately 2 TeV exist. This mass range can be covered by the LHC
experiments in the near future, if some dedicated search for the LNV signals
we discuss is carried out.
Lepton number violation has been searched for at the LHC so far using
the final state of same-sign dileptons plus jets, l±l±jj. Many different LNV
extensions of the Standard Model can lead to this signal [235, 236]. How-
ever, ATLAS and CMS searches usually concentrate on only two theoreti-
cal scenarios, left-right symmetry [237] and the Standard Model extended
with “sterile neutrinos”. Note that these two models lead to the same fi-
nal state signal, but rather different kinematical regions are explored in
the corresponding experimental searches. CMS has published first results
from searches at run-II [238] and run-I [239], both for eejj and µµjj final
states, concentrating on the left-right symmetric model.4 There is also a
CMS search for sterile Majorana neutrinos, based on L = 19.7/fb at
√
s = 8
TeV [241]. ATLAS published a search for lljj based on 8 TeV data, for both
Standard Model with steriles and for the Left-Right model [242]. However,
only like-sign lepton data was analysed in [242] and no update for
√
s = 13
TeV has been published so far from ATLAS. No signal has been seen in any
of these searches so far and thus lower (upper) limits on masses (mixing
angles) have been derived.
Other final states that can test LNV have been discussed in the litera-
ture. For example, in the seesaw type-II [85] the doubly charged component
4CMS has searched also for ττjj [240]. However, that search is not a test for LNV,
since one τ is assumed to decay hadronically.
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of the scalar triplet ∆ can decay to either ∆++ → l+l+ or ∆++ → W+W+
final states. If the branching ratios to both of these final states are of
similar order, LNV can be established experimentally [243–246]. No such
search has been carried out by the LHC experiments so far. Instead, AT-
LAS [217–219] and CMS [220] have searched for invariant mass peaks in the
same-sign dilepton distributions. Assuming that the branching ratios for ee
and/or µµ are large, i.e. O(1), lower limits on the mass of the ∆±± up to
850 GeV [219], depending on the flavour, have been derived. Note that, if
only one of the two channels are observed, LNV can not be established at
the LHC but the type of scalar multiplet could be still determined [247].
Dimension 7 neutrino mass models can lead to new LNV final states at
the LHC. The prototype tree-level model of this kind is the BNT model [93].
As pointed out in [93] the model predicts the final state W±W±W± +
W∓l∓l∓. The LHC phenomenology of the BNT model has been studied
recently in detail in [95]. As in the case of W±W± + l∓l∓ predicted by the
seesaw type-II, no experimental search for this particular LNV final state
has been published so far. We note in passing that we have also checked
that the LNV searches for lljj [238, 242] are currently not competitive for
the models we consider in this chapter.
As already explained in Chapter 3, at tree-level the BNT model is
unique, i.e. the only d = 7 genuine model [57, 61], while the possibili-
ties explode when considering one-loop realisations. These d = 7 one-loop
models, while necessarily richer in their particle content than simple d = 5
(or d = 7) tree-level neutrino mass models, offer a variety of interesting
LNV signals at the LHC, so far not discussed in the literature. As we
show below, depending on the unknown mass spectrum, several different
multi-lepton final states with gauge bosons up to W±W±l∓l∓ + l±l±l∓l∓
can occur. Note that for such high multiplicity final states one can expect
very low Standard Model backgrounds.
8.3.1 Constraints from LHC searches
We have calculated the production cross-sections for the different scalars
and fermions of our example models using MadGraph [248]. Pair production
is usually calculated via s-channel photon and Z0 exchange, while associ-
ated production, such as η−−η+++, proceeds via W+ diagrams. However,
as pointed out in [95], for large masses the pair production cross-section of
charged particles via photon-photon fusion can give the dominant contri-
bution to the cross-section, despite the small photon density in the proton.
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In our calculation we use the NNPDF23_nlo_as_0119 parton distribution
function, which contains NLO corrections, necessary for inclusion of the
photon-photon fusion contributions. We have checked numerically and find
that at the largest masses cross-sections can be enhanced up to one order
of magnitude for multiply charged particles. For this reason we concentrate
on pair production of particles in the following. Note, however, that for
lower masses (up to roughly 1 TeV), associated production is large enough
to produce additional signals, not discussed here.
Results for the cross-sections are shown in figure 8.7 for
√
s = 13 TeV.
To the left we show results for scalars, to the right the cross-sections for
fermions. The scalar cross-sections (to the left) were calculated for the
scalars of the triplet model. The fermion cross-section (to the right) corre-
sponds to the fermions of the quadruplet model. The underlying Lagrangian
parameters were chosen such that the corresponding gauge states (index
shown in the figure) are the lightest mass eigenstate of the corresponding
charge. Cross-sections do also depend, to some extent, on the hypercharge
of the particle. However, since photon-fusion dominates the cross-section
at large values of the masses, all mass eigenstates with the same electric
charge have similar cross-sections. We therefore do not repeat those plots
for all the particles in our models.
For the quadruply charged particles of the models cross-sections larger
than 10−2 fb are obtained, even for masses up to 2.5 TeV. Note that at
the largest value of masses pair production cross-section ratios for different
charged particles simply scale as the ratio of the charges to the 4th power.
We will come back to this in the discussion of the LNV signals in the next
subsection.
A number of different LHC searches can be used to set limits on the
various particles of our example models. The simplest search, and currently
the most stringent LHC limit for our models, comes from a recent ATLAS
search for doubly charged particles decaying to either e±e±, e±µ± or µ±µ±
final states [219]. Results of our calculation, compared to the experimental
limit are shown in figure 8.8 for the µ±µ± final state.
The two-body decay with of the doubly charged scalar η++1 is approxi-
mately given by,







[(Y4)α(Y1)β + (Y4)β(Y1)α]2mη++1 . (8.15)
Since the Yukawa coupling Y4 does not enter the neutrino mass calculation,
the exact value and flavour composition of this decay can not be predicted.
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Figure 8.7: Pair production cross-sections for the different scalars (left) and
fermions (right) of the two example models. For discussion see text.
However, Y1 enters our neutrino mass fit. The observed large neutrino
angles require that all entries in the vector Y1 are different from zero and of
similar order. Typically, from the fit we find numerically ratios in the range
(Y1)e : (Y1)µ : (Y1)τ ∼ ([1/4, 1/2] : [1, 3] : 1), but the exact ratios depend on
the allowed range of neutrino angles. Scanning over the allowed neutrino
parameters then leads to a variation of the branching ratios of the η++1 into
the different lepton generations. This explains the spread of the numerically
calculated points in figure 8.8. Combined with the experimental limit from
ATLAS, lower mass limits in the range of (500 − 650) GeV result. Note
that in this plot, we allow all three neutrino angles to float within the 3 σ
regions of the global fit [228].
The CMS collaboration has recently published a search based on multi-
lepton final states [221]. The original motivation for this search is the
expectation that the fermions of the seesaw type-III lead to final states
containing multiple charged leptons and missing momentum. For exam-
ple, Σ±Σ0 → W±νW±l∓ from the associated production of the fermionic
triplet Σ = (Σ+,Σ0,Σ−). The analysis [221] requires than at least three
charged leptons plus missing energy and takes into account both, electrons
and muons.
In our models, these final states can occur in various decay chains. Con-
sider for example χ4+2 . Once produced, it can decay into a χ3+1 +W+, which
further decays to a doubly charged scalar and l+. The doubly charged scalar
decays to either leptons orW ’s. The missing energy is then produced in the
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Figure 8.8: Constraints on doubly charged scalars, using the recent search
by ATLAS [219]. The blue line is the limit quoted in [219], the light blue
region the 95% c.l. region. Points are our calculation, scanning over the
allowed ranges of neutrino angles. Red points are allowed by this search.
leptonic decays of theW ’s. Here, all intermediate particles can be either on-
shell or off-shell, depending on the unknown mass hierarchies. Constraints
can then be derived from the results of [221], scanning over the allowed
ranges of the branching ratios, which lead to a least three charged leptons
plus at least one W in the final state.
In figure 8.9 we show results of this procedure for the examples of η4+3 ,
χ3+2 and χ4+2 . The lower limits, derived from this exercise, have a rather
large uncertainty, due to the unknown branching ratios. For example, the
lower mass limit for η4+3 is in the range of (550− 850) GeV. Note that η4+3
could decay, in principle to four charged leptons with a branching ratio close
to 100%. The final state from pair production of η4+3 would then contain
eight charged leptons and missing momentum would appear only from the
decays of the τ ’s. In this case, our simple-minded recasting of the multi-
lepton search [221] ceases to be valid and the lower limit on the mass of η4+3 ,
mentioned above does not apply. As figure 8.9 shows, the lower limit on the
mass of χ4+2 is more stringent than the one for η4+3 . This simply reflects the
larger production cross-sections for fermions, compare to figure 8.7.
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Figure 8.9: Constraints on charged scalars and fermions using the multi-
lepton search [221]. Points are our numerical results, the bands are experi-
mental limits, see also figure 8.8.
8.3.2 New LNV searches
We now turn to a discussion of possible LNV signals at the LHC. Ta-
ble 8.1 shows examples of different LNV final states from pair production
of scalars or fermions in the two models under consideration. This list is
not complete since (i) associated production of particles is not considered;
(ii) the table gives only “symmetric” LNV states, see below, and (iii) we do
not give LNV final states with neutrinos, since such states do not allow to
establish LNV experimentally.
The table gives in column 1 the multiplicity of the final state and in
column 2 the LNV signal. The multiplicity in column 1 is given twice, once
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Multiplicity LNV Signal Particles Model Mass range
4 (6) l±l± +W∓W∓ S±±, φ±±1 , φ±±2 Q m < 1.4 TeV
6 (8) l±l±l± +W∓W∓l∓ χ3+2 Q m < 2.6 TeV
6 (10) l±l±W± +W∓W∓W∓ S3+, φ3+2 Q m < 2.0 TeV
8 (10) l±l±l±l± + l∓l∓W∓W∓ η4+3 T m < 2.5 TeV
8 (12) l±W±W±W± + l∓l∓l∓W∓ χ4+2 Q m < 3.2 TeV
8 (14) l±l±W±W± +W∓W∓W∓W∓ – – –
Table 8.1: List of symmetric LNV final states in d = 7 models. The first
column counts the number of final state particles, the second column gives
the LNV signal. The multiplicity is given twice, the value without the
bracket gives the number countingW ’s, while the number in brackets counts
each W as two jets. This is done, since only the hadronic decays of the W
can be used for establishing LNV, see text. Here, we have separated the
total final state into the two sets of particles, coming from the pair produced
states listed in column 3. The invariant masses of the quoted subsystems
should peak at the mass of the particle quoted in column 3. Column four
gives the model in which this signal could be found. The last column gives
our simple estimate for the mass range, which can be probed at the LHC
with L ' 300/fb. For a discussion see text.
counting directly the number of leptons and W ’s (value without bracket)
and second, counting each W as two jets in the final state (number in
bracket). We stress again that the leptonic decays of the W can be used
in searches to derive lower mass limits on exotic particles, but can not be
used to establish LNV experimentally. This is because the neutrinos from
the leptonic W decays show up only as missing energy, i.e. their lepton
number can never be tagged. In the following, we will discuss final states
as leptons plus W , but one should always bear in mind that we assume the
W to decay hadronically.
In the 2nd column, the two possible final states from the decay of the
particle given in column 3 are given separately. The invariant masses of
both separate subsystems in column 2, should therefore give peaks in the
mass of the particle in column 3.
Particles in column 3 are quoted as gauge eigenstates. However, scalars
in our models are, in general, admixtures of different gauge eigenstates.
Consider, for example, the simplest final state l±l± + W∓W∓. φ±±1 can
decay to l±l±, via the coupling Y6, while S±± can decay to W±W± via
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Figure 8.10: To the left: Ratio of branching ratios of the doubly charged
scalar, S++1 decaying to l±l± divided by W±W± as a function of vS for
some fixed choice of the other model parameters and three different values
of Y6. This plot assumes that the lightest doubly charged scalar S++1 is
mostly the gauge state S++. Results for the other cases are qualitatively
very similar and thus not repeated. To the right: Ratio of branching ratios
for η4+3 decays. As in the case of S++1 , LNV will be observable only if this
ratio is of order O(1).
the induced VEV vS (or, equivalently proportional to λ2). The doubly
charged scalars mix via the entries in the mass matrices proportional to µ1,
λ3 (and λ4), see (8.9). Whether the lightest doubly charged mass eigenstate
is mostly φ1, φ2 or S depends on the choice of parameters, but the results
are qualitatively very similar in all cases. We therefore show in figure 8.10
only the results for the case where S++1 is mostly S.
Figure 8.10 (left) shows the ratio of branching ratios of the doubly
charged scalar, S++1 decaying to l±l± divided by the decay to W±W±
as a function of vS for some fixed choice of the other model parameters
and three different values of Y6. Observation of LNV is only possible, if
Γ(S±±i → l±l±) is of similar order than Γ(S±±i → W±W±), since both final
states are needed to establish that LNV is indeed taking place. One can
see from the figure that equality of partial widths is possible for different
choices of parameters. However, since the decay to two charged leptons is
proportional to (the square of) a Yukawa coupling that is not fixed by our
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neutrino mass fit, the relative ratio of branching ratios can not be predicted
from current data.
Similarly, also for all other decays to LNV final states, the two competing
final states have to have similar branching ratios. Figure 8.10 to the right
show results for the decay of η4+3 of the triplet model. Depending on the
parameter µ1 equality of branching ratio can occur in a large range of values
of the parameter λ2. Note that the rate of LNV final states is not suppressed
by the smallness of neutrino masses. Neutrino masses require the product of
F × Y1Y2 to be small, see (8.11). For a fixed neutrino mass, smaller values
of µ1λ2 require larger Yukawa couplings Y1Y2Y3. Depending on the ratio
between µ1λ2 and Y1Y2Y3, either the final state 4l or the final state 2l +
2W can dominate. Whether LNV rates are observable, therefore, does not
depend so much on absolute values of some (supposedly small) parameters,
but on certain ratios of these parameters.
Table 8.1 is ordered with respect to increasing multiplicity of the final
state. Note that, as discussed in the last subsection, cross-sections at the
LHC increase with electric charge and decrease (strongly) with increasing
mass. Which of the possible signals has the largest rate, can not be pre-
dicted because of the unknown mass spectrum. However, if the different
members of the scalar (or fermion) multiplets have similar masses, final
states with larger multiplicities have actually larger rates at the LHC. Since
large multiplicity final states also have lower backgrounds. Searches for such
states should give stronger bounds.
The last column in table 8.1 gives our estimate for the reach of the LHC.
The numbers for the mass reach quoted in that column are simply based on
the cross-section calculation, discussed in the last subsection. We assume
here that in particular for the high multiplicity final states Standard Model
backgrounds are very low (order of one event or less). Then we simply
take the cross-section for which 3 events for a luminosity of 300 fb−1 are
produced as the approximate limit, that maybe achieved in a dedicated
search. In fact, with supposedly no backgrounds even slightly lower masses
than those quoted in the table would lead to 5 or more events, which maybe
sufficient for a discovery.
However, we need to mention that our calculation, using MadGraph,
calculates the cross-sections at leading order only. Also our calculation does
not include any cuts and thus, should be taken only as a rough estimate.
Thus, the numbers in the table should probably come with an uncertainty
of the order of (100− 150) GeV or so for the larger multiplicity states. On
the other hand, for the simpler signal pp→ l+l+W−W−, the number given
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in the table should be taken with a grain of salt. Currently, for dilepton
searches with luminosity of 36 fb−1, there are no background events in the
bins above 1 TeV in the invariant mass distribution m(ll), see [219]. This
in turns implies for a luminosity of 300 fb−1 in the most pessimistic case an
upper limit of roughly 8 background events for the signal pp→ l+l+W−W−.
Our estimate of 3 signal events would then correspond only a 1 σ c.l. limit.
We mention that the final state with 2 l and 6 W ’s and LNV signals with
10 or more particles are also possible in d = 7 one-loop models, but do not
occur within our two example models. This is simply due to the fact that
scalars or fermions with 5 units of charge are needed for such states. Thus,
such signals can appear in versions of the d = 7 one-loop type models, that
include larger SU(2)L representations, such as quintuplets, or with particles
with a larger hypercharge.
Finally, the table considers only “symmetric” LNV final states. Here, by
symmetric we define that both branches of the decay contain the same num-
ber of final states particles. For example, for the quadruplet model, we have
included the LNV signal with symmetric final states pp → χ3+2 χ3−2 , χ3+2 →
l+l+l+, χ3−2 → W−W−l−, but we have not considered the possible LNV
signal with asymmetric final states pp → χ++2 χ−−2 , χ++2 → l+W+, χ−−2 →
W−W−W−l+. The reason for this choice is simply that we consider “asym-
metric” LNV signals, although in principle possible, are less likely to occur.
This can be understood from phase space considerations: A two-body final
state has a prefactor of 18π in the partial width, while a four-body phase
space is smaller by a factor 3072π4. Naturally one then expects that the
ratio of branching ratios for these asymmetric cases is never close to one,
unless there is a corresponding hierarchy in the couplings involved.
Decay widths for the lightest particle in our models are often very small
numerically. This opens up the possibility that some particle decays might
occur with a charged track. Charged tracks are more likely to occur in
the triplet model, so we concentrate in our discussion on this case. The
two-body decay width of η++1 is estimated in (8.15). For the decay of η3+3 ,
assuming η3+3 is the lightest particle, one can estimate,












1 → l+l+) . (8.16)
Here, θη1η2 is the mixing angle between the states η1 and η2. The decay width
(8.16) contains three parameters related to the smallness of the observed
neutrino masses: µ1, θη1η2 and Y1. Assuming all mass parameters roughly
8.4. Summary 173
equal µ1 ' mη++3 ' mη++2 ' mη++1 = M this leads to the estimate,














Here, the choice for the Yukawa couplings being order 10−2 is motivated
by the upper limits on the CLFV branching ratios, discussed in the last
section. The decay length (8.17) represents only a very rough estimate,
but it is worth pointing out that more stringent upper limits from charged
LFV would result in smaller values for the Yukawa couplings, leading to
correspondingly large decay lengths. Note also that smaller values of µ1
would lead to quadratically large lengths.
Similarly, one can estimate roughly the order of magnitude of the decay
length for η4+3 . The result is














The width of η4+3 is smaller than the corresponding one for η3+3 due to the
phase space suppression for a 4-body final state. (8.18) shows that within
the triplet model a charged track for the decay of η4+3 is actually expected.
8.4 Summary
In this chapter we have discussed the phenomenology of d = 7 one-loop
neutrino mass models. Models in this class are far from the simplest variants
of BSM models that can fit existing neutrino data, but are interesting on
their own right, since they predict that new physics must exist below roughly
2 TeV. If neutrino masses were indeed generated by one of the models in
this class, one can thus expect that the LHC will find signatures of new
resonances. Searches for doubly charged scalars and multi-lepton final states
already put some bounds on these models. However, for the most interesting
aspect of d = 7 one-loop models, namely lepton number violating final
states, no LHC search exists so far. In particular, final states with large
multiplicities are predicted to occur (multiple W and multiple leptons) for
which we expect Standard Model backgrounds to be negligible.
In our discussion, we have limited ourselves to just two simple example
models. Our motivation to do so is that all d = 7 one-loop neutrino mass
models, which are genuine in the sense that they give the leading contri-
174 Chapter 8. LNV phenomenology of d = 7 neutrino mass models
bution to neutrino mass without invoking new symmetries, predict similar
LHC signals. The two models which we considered have either an SU(2)L
triplet or a quadruplet as the largest representations. Other d = 7 models
will contain even larger SU(2)L multiplets and thus also particles with mul-
tiple electric charges, to which very similar constraints than those analysed
here will apply.
Finally, we mention that there exist variants of d = 7 one-loop models,
in which the internal scalars and fermions carry non-trivial colour charges.
These variants are not fully covered by our analysis. While the neutrino
mass fit and the constraints from LFV searches will be qualitatively very
similar to what we have discussed here, additional colour factors in the
calculations will lead to some quantitative changes. The resulting bounds
will, in general be somewhat more stringent than the numbers we give in
this thesis. More important, however, are the changes in the LHC phe-
nomenology. For example, in the colour-singlet models, which we analysed
in this chapter, the lightest doubly charged scalar will decay to two charged
leptons. In the coloured variants of the model, the corresponding lightest
scalar will behave like a leptoquark, decaying to l+ j, instead. Thus, differ-
ent LHC searches will apply to the coloured d = 7 models. More interesting,
however, is that for coloured models also the LNV final states, which we
discussed, will change, since at the end of the decay chain instead of two
charged lepton, one lepton plus jet will appear. Although this variety of
signals will be interesting on their own rights, we have concentrated here on
the colour singlet variants of the model, because dileptons are cleaner (and




mass models and charged
lepton flavour violation
In this chapter, based on [249], we will study how upper limits on charged
lepton flavour violating (CLFV) observables constrain three-loop neutrino
mass models. We will focus on some particular, well-known models, which
we consider “minimal” models. The term “minimal” here refers to the fact
that for models at three-loop level at least three different types of particles
beyond the Standard Model particle content are needed, in order to avoid
lower order diagrams.1 The three models that we will study in this chap-
ter are the so-called cocktail [113], Krauss-Nasri-Trodden (KNT) [112] and
Aoki-Kanemura-Seto (AKS) [250] models.
These three models are probably the best-known three-loop models in
the literature, and a number of other papers have studied them (or some
variations thereof). The cocktail model, for example, has been studied also
in [251]. There are also versions of the cocktail model in which the W
bosons are replaced by scalars [151, 252, 253]. For the AKS model, one can
find some discussion on phenomenology and vacuum stability constraints
in [254–256], while a variant of the AKS model with doubly charged vector-
like fermions and a scalar doublet with hypercharge Y = 3/2 (plus the
singlets of the AKS model) can be found in [257]. Other variants of the
AKS model in which the exotic particles are all electroweak singlets can be
1Types of particles refers to the fact, that in case one of the new particles is a fermion,
usually at least two copies (“families”) of fermions are needed for a realistic neutrino
mass matrix.
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found in [176,258]. Finally, for the KNT model, different phenomenological
and theoretical aspects were studied in [259–266]. There are also variations
of the KNT model, like the coloured KNT [267–270], or a model with vector-
like fermions added to the KNT model [271]. Other variants can be found
in [272,273].
Common to all the three minimal models is that their neutrino mass
diagrams are proportional to two powers of Standard Model lepton masses.
Together with the three-loop suppression of 1/(16π2)3, this results in the
prediction of rather small neutrino mass eigenvalues, unless the new Yukawa
couplings of the models take very large values. However, in all models off-
diagonal entries for these new Yukawa couplings are required, since neutrino
oscillation experiments have measured large neutrino angles [155]. There-
fore, one expects that CLFV limits will put severe constraints on these
minimal models. This simple observation forms the motivation for the cur-
rent chapter.
The chapter is organised as follows. In section 9.1 we will set up the
notation and briefly discuss two scalar extensions of the Standard Model.
In section 9.2 we will discuss the cocktail model. We will first introduce
the model and the neutrino mass generation mechanism, and then we will
present our numerical results for this model. We start with the cocktail
model, since the flavour structure of the neutrino mass matrix, in this case,
is the simplest of the three models. We then discuss in a similar way the
KNT model in section 9.3 and the AKS model in section 9.4. A number
of technical aspects on the calculation of the loop integrals are relegated to
appendix B.
9.1 Notation and conventions
In order to make the discussion more transparent for the reader, it is
convenient to adopt a common notation and use the same conventions for
the three models considered here. This is the aim of this section.
The three minimal three-loop neutrino mass models studied in this chap-
ter are based on the Standard Model gauge group, SU(3)C×SU(2)L×U(1)Y.
This local symmetry is supplemented by a global Z2 parity, which is intro-
duced to forbid the tree-, one- and two-loop contributions to the neutrino
mass matrix, as explained below. All the Standard Model fields are as-
sumed to be even under the global Z2 symmetry. The particle spectrum of
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generations SU(3)C SU(2)L U(1)Y
Φ1 1 1 2 1/2
Φ2 1 1 2 1/2
Table 9.1: 2HDM scalar sector, composed of the two SU(2)L scalar doublets
Φ1 and Φ2.
the three-loop models explored here may contain new fermions, and these
will be fully specified for each model in the next sections. In what concerns
their scalar sectors, they can be regarded as extensions of three well-known
scenarios: the Standard Model scalar sector, the Two Higgs Doublet Model
(2HDM) scalar sector and the Inert Doublet Model (IDM) scalar sector. We
now describe the scalar fields in the 2HDM and IDM scenarios, the way the
electroweak symmetry gets broken in each case and the Yukawa interactions
with the Standard Model fermions.
• 2HDM scalar sector
The 2HDM scalar sector is composed of two scalar doublets, Φ1 and Φ2,
with identical quantum numbers under the Standard Model gauge symme-













Since both scalar doublets have exactly the same quantum numbers, and
in particular since they will both be assumed to be even under the Z2
symmetry, flavour changing neutral current interactions are in principle
present. This dangerous feature can be fixed by introducing a second (softly
broken) Z2 symmetry, under which one of the two doublets and some of the
Standard Model fermions are charged. There are several possibilities, and
here we will just assume that this symmetry makes Φ1 leptophilic, and Φ2
leptophobic.2 Under this assumption, the 2HDM Yukawa interactions are
given by,
−L2HDMY = ye LΦ1 eR + yuQ Φ̃2 uR + ydQΦ2 dR + h.c. . (9.2)
2This is the choice of the authors of the AKS model [250], and we will stick to it
although the more common possibilities of a type-I or type-II 2HDM are equally valid.
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generations SU(3)C SU(2)L U(1)Y Z2
H 1 1 2 1/2 +
η 1 1 2 1/2 −
Table 9.2: IDM scalar sector, containing the standard Higgs doublet H as
well as a second inert doublet η charged under the Z2 parity.
Again, flavour and SU(2)L indices have been omitted for the sake of clarity.
We see that, as explained above, Φ1 only couples to leptons, while Φ2 only

















such that the usual electroweak VEV v is given by,
v2 = v21 + v22 . (9.4)
We also define the ratio tan β = v2/v1.
• IDM scalar sector
In the IDM, a second scalar doublet denoted as η is introduced. In
contrast to the 2HDM, this doublet is odd under the Z2 parity, as shown








Since the Standard Model fermions are even under Z2, η does not couple
to them and the IDM Yukawa interactions are exactly the same as those
in the Standard Model. The scalar potential of the IDM is assumed to be







, 〈η〉 = 0 . (9.6)
Therefore, electroweak symmetry breaking takes place in the standard way
and the Z2 parity remains exactly conserved. Finally, one can split the
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generations SU(3)C SU(2)L U(1)Y Z2
S 1 1 1 1 −
ρ 1 1 1 2 +
Table 9.3: New particles in the cocktail model with respect to the IDM.
neutral component of the η doublet as,
η0 = 1√
2
(ηR + i ηI) , (9.7)
so that ηR and ηI are, respectively, the real and imaginary parts of η0.
Under the assumption of CP conservation in the scalar sector, these two
states are mass eigenstates, since the Z2 symmetry forbids their mixing
with the Standard Model neutral scalar.
9.2 Cocktail model
We begin with the so-called cocktail model, introduced in [113], since
the neutrino mass matrix in this model has the simplest flavour structure.
The cocktail model can be regarded as an extension of the IDM. In ad-
dition to the IDM fields, the particle content of the cocktail model includes
the two SU(2)L singlet scalars S and ρ, singly and doubly charged. Inter-
estingly, the model does not have any new fermion, just scalars. The η and
S scalar fields are taken to be odd under the Z2 parity, while the rest of
the fields in the model are even.3 The quantum numbers S and ρ are given
in table 9.3. Counting also η, there are then three new multiplets in the
cocktail model, with respect to the Standard Model.
The Lagrangian of the cocktail model contains only one additional Yukawa
term with respect to the Standard Model,
−L ⊃ h ecR eR ρ+ h.c. , (9.8)
where h is a symmetric 3× 3 matrix. Flavour indices have been omitted in
this expression for the sake of clarity. In addition, the new scalar potential
3S and η need to be odd under the Z2 symmetry, in order to forbid Yukawa couplings
with the Standard Model leptons. These couplings would otherwise generate a one-loop
neutrino mass diagram, as in the Zee model [104].
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couplings are given by,
V ⊃M2S|S|2 +M2ρ |ρ|2 +M2η |η|2 +
1
2λS |S|
4 + 12λρ |ρ|
4 + 12λη |η|
4
+ λSρ |S|2|ρ|2 + λSη |S|2|η|2 + λρη |ρ|2|η|2







∗ + 12µ2ρ S




We have omitted SU(2)L indices to simplify the notation. The parameters
µ1 and µ2 are trilinear couplings with dimensions of mass, κ and all λ’s are
dimensionless. Most important is the term proportional to λ5, see discussion
below.
The singly charged scalars S+ and η+ mix after electroweak symmetry
breaking, due to the term proportional to µ1. This leads to two H+i mass
eigenstates, with mixing angle β, see appendix B. The model also includes
the doubly charged scalar ρ++, with mass




The cocktail model has other interesting features that will not be dis-
cussed in any detail here. For instance, the Z2 parity of the model is con-
served after electroweak symmetry breaking, so that the lightest Z2-odd
state is stable and can in principle constitute a good dark matter candi-
date.
Neutrino masses
The three-loop diagram leading to neutrino masses in the cocktail model
is shown in figure 9.1. In the unitary gauge this diagram is the only diagram
contributing to the neutrino mass matrix. However, in order to understand
how to maximise the contribution of this diagram to the neutrino mass
matrix, it is more useful to calculate all diagrams in Feynman-’t Hooft
gauge. This is discussed in detail in appendix B.
In an analogous way to the well-known scotogenic model [133], the dia-
gram shown in figure 9.1 vanishes in the limit m2ηR −m
2
ηI
∝ λ5 → 0, since
in this limit the model conserves lepton number. We can then write the











Figure 9.1: Three-loop neutrino masses in the cocktail model. The inert
doublet η is split into its real and imaginary parts, η0 = 1√2(ηR + i ηI), due
to the scalar potential terms proportional to λ5. H+ ≡ H+1,2 represent the
singly charged scalars in the model, obtained after diagonalising the mass
matrix of the {S+, η+} states.







where mi and mj are charged lepton masses. Here we have hidden all the
complexities of the calculation in the dimensionless factor FCocktail. This
factor contains the loop integrals, depending on the masses of the scalars,
and prefactors containing coupling constants, etc, see appendix B.
9.2.1 Results
The cocktail model is an example of a type-II-seesaw-like model. In this





with Yij = Yji and Λ some generic mass scale. This allows one to fit the
observed neutrino masses and mixing angles in a trivial way. Furthermore,
the tight relation given in (9.12) implies very specific predictions for ratios
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of CLFV observables and strongly reduces the number of free parameters in
the model. As we will discuss now, this has very important consequences.
From the experimental data we can reconstruct the neutrino mass matrix
in the flavour basis as,
Mν = U∗ M̂ν U † . (9.13)
This allows us to calculate the Yukawa h necessary to fit the experimental
data using the expression in (9.11). We find,
h = (16π2)3 mρ++
λ5 FCocktail
M̂−1e Mν M̂−1e . (9.14)
where M̂e is the diagonal matrix with the measured charged lepton masses.
Let us first make a rough numerical estimate. Choosing normal hierarchy
(mν1 → 0) and δ = 0 for simplicity and inserting mρ++ = 800 GeV, which
is roughly the current experimental bound from LHC data [274–276], we
obtain,
h '









These values are obviously much too large to be realistic. We therefore
searched the parameter space, intending to identify regions, in which h can
fulfill the bounds from perturbativity and lepton flavour violation searches.
This search was done in two steps.
First, we maximise FCocktail and λ5. For λ5 we use λ5 = 4π, the largest
value allowed by perturbativity. We then scanned all free mass parameters
entering in FCocktail, for details see appendix B. Generally speaking, FCocktail
is maximised when µ1, µ2 and κ take the largest values allowed, while the
remaining free mass eigenvalues of the model take the lowest possible values
allowed by experimental searches. The maximal value of FCocktail found in
this numerical scan is FmaxCocktail ' 192. We will use this number in all plots
below. This choice is conservative in the sense that the Yukawa couplings
hij will be larger for all other choices, thus constraints from charged lepton
flavour violation searches will only be more stringent in other parts of the
parameter space.
Once FmaxCocktail is fixed, one can scan over the free parameters in the
neutrino sector. Oscillation data [155] fixes rather well ∆m2atm, ∆m2 and
all three mixing angles; there is also an indication for a non-zero value of
δ. This leaves us with three essentially free parameters, the two Majorana

























































Figure 9.2: Yukawa couplings hij as function of the lightest neutrino mass,
calculated with FmaxCocktail. These Yukawas should therefore be understood as
lower limits. In both plots we have used the best fit point data from the
global oscillation fit [155], except δ = 0. The plot to the left shows the case
(α12, α13) = (0, 0), the plot on the right (α12, α13) = (π, 0). The dashed
grey (black) lines in the background are rough estimates for the typical size
that the Yukawa couplings should have, in order to satisfy limits from muon

















































Figure 9.3: Br(li → ljlklm) as function of the lightest neutrino mass. To the
left, all different combinations of lepton generations are considered using
the b.f.p. of oscillation data and α12 = π and 2δ − α13 = 0. To the
right, Br(µ→ 3 e) scanned over the uncertainty in neutrino oscillation data
is shown. The light and dark blue areas correspond to the 1σ and 3σ
uncertainties, respectively. This plot scans over the Majorana phases.
phases and mν1 , equivalent to the overall neutrino mass scale, for which
there are only upper limits from neutrinoless double-β (0νββ) decay [47,277]
and cosmology [28]. We note that there is a slight preference in the data for
normal hierarchy (NH, also called normal ordering) over inverted hierarchy
(IH).
In figure 9.2 we plot the absolute values of the 6 independent entries in
the Yukawa matrix h as a function of mν1 . The oscillation data have been
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fixed at their best fit point (b.f.p.) values, except δ = 0 for simplicity. The
plot on the left was obtained with vanishing Majorana phases, whereas the
one on the right takes (α12, α13) = (π, 0). Given that we used FmaxCocktail in
this plot, the numerical values of hij are much smaller than in (9.15), but
h11 is still in the non-perturbative region everywhere in the left plot. In
the right plot, however, there are two special points, where cancellations
among different contributions of the neutrino mass eigenstates lead to a
vanishing value for either h11 or h12. Such cancellations are well-known in
studies of 0νββ decay. The effective Majorana mass, mee,4 depends on the
Majorana phases in the same way as h11. As in mee, one can therefore not
obtain a cancellation for the cases (i) NH without Majorana phases, and (ii)
IH for any choice of parameters. The cocktail model can therefore explain
neutrino data only for normal hierarchy and some particular combination
of Majorana phases, as we are going to discuss now in some more detail.
As figure 9.2 demonstrates, only in some exceptional points can h11
be small enough to enter the perturbative region. We therefore scanned
over (α12, α13) and mν1 , in the full 3σ range of oscillation data. In this
scan, we calculate the CLFV observable Br(li → ljlklm), with different
combinations of lepton flavours, for the minimal value of mρ++ allowed by
LHC data. Figure 9.3 to the left shows Br(li → ljlklm) for all different
combinations of i, j, k,m using the b.f.p. of neutrino oscillation data. The
most stringent constraint on the model comes from the experimental upper
limit on Br(µ → 3 e)≤ 10−12 [230]. The plot to the right then shows the
allowed regions in parameter space, scanning over the complete range of
oscillation parameters and phases. All acceptable points lie in the range
mν1 = (2− 10) meV.
Figure 9.4 shows a scan over the allowed range of Majorana phases and
the lightest neutrino mass. The plot to the left shows the plane (α13, α12),
the one to the right (α12,mν1). The model can fulfill the constraint from
Br(µ→ 3 e) only in a very narrow range of phases. In particular, α12 has to
be close to π in all points, while also mν1 is fixed in a rather narrow interval.
Finally we note that the acceptable points of the model lie in regions
of parameter space where the 0νββ decay observable mee is unmeasurably
small. There is, however, a one-loop short-range diagram contributing to
0νββ decay in the cocktail model [278], see figure 9.5. This diagram de-
pends on the same parameters as the three-loop neutrino mass diagram in
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Figure 9.4: Allowed parameter space for α12, α13 and mν1 . Note that mν1 is
shown in units of meV. Neutrino oscillation data was scanned over the 3σ
uncertainties, except δ which is taken at its best fit value for simplicity.
figure 9.1. In particular, note that the sum over ηR,I generates the same
dependence on λ5 as for the neutrino mass.
We have calculated this diagram and estimated its contribution to the
0νββ decay half-life, including the QCD running of the short-range operator
[279, 280]. Using the same mass parameters that maximise the three-loop
diagram, in particular mρ++ = 800 GeV, the current limit on the half-life of
136Xe [47] imposes a limit on h11 of roughly |h11| . 5× 10−4. This limit is
around a factor ∼ 7 more stringent than the one obtained from the upper
limit on Br(µ→ 3 e).5
We can conclude that the cocktail model is severely constrained from
perturbativity arguments and from searches for CLVF. The model has ac-
ceptable points only within a narrow window of mν1 and for particular
combinations of the Majorana phases.
9.3 KNT model
We continue with the KNT model [112]. This was the first radiative
neutrino mass model at three-loop order proposed.
In addition to the Standard Model particles, the KNT model contains
three copies of the fermionic singlet N and two singly charged singlet scalars
X and S. A discrete Z2 symmetry is imposed, under which S and N are
5See [253] for a variant of the cocktail model inducing a different one-loop short-range
0νββ decay diagram.













Figure 9.5: One-loop neutrinoless double-β decay diagram in the cocktail
model.
generations SU(3)C SU(2)L U(1)Y Z2
X 1 1 1 1 +
S 1 1 1 1 −
N 3 1 1 0 −
Table 9.4: New particles in the KNT model with respect to the Standard
Model.
odd and the rest of particles in the model are even. The quantum numbers
of the new particles in the KNT model are given in table 9.4.
The Lagrangian of the model contains the following pieces,
−L ⊃ f Lc LX + g∗N c eR S +
1
2MNN
cN + h.c. , (9.16)
where we have omitted SU(2)L and flavour indices to simplify the notation.
We note that f is an antisymmetric 3 × 3 Yukawa matrix, while MN is
a symmetric 3 × 3 Majorana mass matrix, which we take to be diagonal
without loss of generality. The scalar potential of the model also contains
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Figure 9.6: Three-loop neutrino masses in the KNT model.
additional terms besides those in the Standard Model. These are given by,
V ⊃M2X |X|2 +M2S|S|2 +
1
2λ1 |X|
4 + 12λ2 |S|
4 + λ12 |X|2|S|2






λS (XS∗)2 + h.c.
]
. (9.17)
The presence of the λS quartic coupling precludes the definition of a con-
served lepton number. Indeed, one can easily see that the simultaneous
presence of the Lagrangian terms in (9.16) and (9.17) breaks lepton number
in two units. The masses of the physical scalar states in the KNT model
are given by,

















We also note that the lightest Z2-odd state in the KNT model is com-
pletely stable. Assuming the hierarchy MN1 < ms1 < ms2 , this state is the
lightest fermion singlet, which then constitutes a good dark matter can-
didate. In fact, the KNT model is historically the first radiative neutrino
mass theory with a stable dark matter candidate running in the loop.
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Neutrino masses
The Z2 symmetry forbids the standard Higgs Yukawa coupling with the
lepton doublet L and the N singlets. Therefore, the usual type-I seesaw
contribution at tree-level is absent. Instead, neutrino masses are generated









fiαfjβgαagβa FKNT , (9.21)
where mα is the mass of the `α charged lepton and FKNT is a loop function
that depends on the masses of the scalars and fermions running in the loops.
More information about this function can be found in appendix B.
It is important to stress that in the KNT model, each entry in (Mν)ij
contains the sum over the Standard Model charged lepton masses. There-
fore, different from the other models discussed in this chapter, the suppres-
sion of the entries inMν is at mostm2µ. The neutrino fit can then reproduce
experimental data with Yukawas which are considerably smaller than in the
cocktail or AKS models.
9.3.1 Results
We start this section again with a discussion of the neutrino mass fit.
The coupling f in (9.16) is antisymmetric, thus the determinant of the
neutrino mass matrix in (9.21) is zero, implying that one neutrino is mass-
less. This is reminiscent of the two-loop Babu-Zee model of neutrino mass
[135,136], where the same singly charged scalar is used. In our fitting proce-
dure we use therefore an adapted version of the solution found in [110,111]
for the Babu-Zee model.
The procedure consists of two steps. First, because det(f) = 0, the
matrix has one eigenvector a = (f23,−f13, f12), which is also an eigenvector
ofMν ,
M̂ν UTa = 0 . (9.22)
This implies three equations, one of which is trivial, while the other two al-
low to express the ratios (f13/f12, f23/f12) as functions of the neutrino angles
and phases only. These solutions depend on the neutrino mass hierarchy.
Next, we can write the neutrino mass matrix as,
Mν = −c f Maux f . (9.23)
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c contains all global constants, we have used fT = −f and Maux is an aux-
iliary matrix, which is complex symmetric. This defines a set of 6 complex
equations relating the entries in Maux to neutrino data. With three inde-
pendent entries fij, we can use three of the six equations to express three
entries in Maux as a function of the remaining ones, neutrino data and fij.
The resulting equations are very lengthy and not at all illuminating, so we
do not present them here.
The definition of Maux in (9.23) shows that,




























and rXi = (ms1/MNi)2, rSi = (ms2/MNi)2. With Maux being complex sym-
metric, we can use a suitably modified [281,282] Casas-Ibarra parametrisa-












M̂aux and Uaux are the eigenvalues and eigenvectors of the auxiliary matrix
Maux. Although in principle it would be possible to determine M̂aux and
Uaux in terms of the input neutrino data analytically, in practice we find
these two matrices numerically for any input point of experimental data
and choice of free parameters. Finally, R is a 3× 3 orthogonal matrix.
In summary, neutrino oscillation data provides 6 constraints: ∆m2atm,
∆m2, three angles and the CP-phase δ. A number of free parameters can
then be scanned over, using the above procedure. In the neutrino sector
we still have α12.6 The matrix f is fixed from experimental data, up to
the overall scale of the matrix. We choose f12 as the free parameter. The
matrix R, in the most general case, contains 3 complex angles. There are
three right-handed neutrino masses, MNi , and two scalar masses, ms1,2 .
And, finally, we can use 3 of the 6 equations for Maux to eliminate some
6Since one neutrino is massless, only one of the two Majorana phases, i.e. α12, is
physical.
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particularly chosen (Maux)ij. This leaves as free inputs the remaining 3
entries in Maux.
Up to now, we have been completely general in our discussion. However,
there is still certain freedom as to which 3 entries in (Maux)ij we fix via 3 of
the equations defined by (9.23). In practice, we choose to solve for (Maux)22,
(Maux)23 and (Maux)33 and assume (Maux)1k = 0. This particular choice
is motivated by the observation that in this limit all terms in g ∝ 1/me
disappear. In other words, this solution guarantees that the contribution
to µ → eγ and τ → eγ from loops involving s2 and Ni are automatically
absent in our scans, due to g1k = 0 ∀k. Our ansatz is therefore the optimal
choice for minimising fine-tuning on the other parameters in g.7
Before we explore the remaining parameter space of the model, we must
consider lower limits on the masses of the charged scalars from accelerator
searches. LEP provides a lower limit on charged particles decaying to lep-
tons plus missing momentum, which will essentially rule out all values ofms1
below 100 GeV [42] and similarly for ms2 , unless MN1 is close to ms2 .8 At
the LHC there is currently no specific search for particles with the quantum
numbers of S and X. However, slepton pair production with their subse-
quent decays to a lepton plus a neutralino provide the same signal and thus,
we can make a reinterpretation of the corresponding searches at CMS [284]
and ATLAS [285]. The CMS slepton search [284] is based on 35.9/fb, while
ATLAS’ chargino and slepton search [285] uses 139/fb. The ATLAS limits
are correspondingly more stringent, and we will therefore discuss these. We
have implemented the KNT model in SARAH [222,223] and generated SPheno
routines [225,226] and model files for MadGraph [248,286,287]. We have then
calculated cross sections with MadGraph to recast the results of [285]. For s1
the mass range between (very roughly) ms1 = (250− 400) GeV is excluded
by this search. The rangems1 = (100−250) GeV is currently unconstrained,
due to large backgrounds in [285]. For s2 the limits are even weaker, unless
ms2 −MN1 is larger than (50− 70) GeV, depending on ms2 .
7We have explored other ansätze but concluded that this is indeed the optimal one.
For instance, we can generate textures with either the 2nd or 3rd column of g vanishing.
These will make the τ → eγ or τ → µγ branching ratio vanish, but at the cost of a
large µ → eγ branching ratio. We have also considered a solution with any or all of
(Maux)1k 6= 0. However, in this case we did not find any configuration for the remaining
free parameters that induces a cancellation that suppresses the µ→ eγ branching ratio.
8There are no accelerator limits on N , since the Z2 symmetry prohibits their mixing
with the active neutrinos.
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Let us now turn to the discussion of CLFV. Consider first the antisym-
metric Yukawa coupling f . Neutrino data requires all three elements of
f to be non-zero, thus there will always be a non-zero value for the three
possible decays µ→ eγ, τ → eγ and τ → µγ. The constraint from µ→ eγ
is the most stringent one. However, since we still have the overall scale
of f as a free parameter, in our choice the value of f12, we can use it to
fix Br(µ → eγ) to the upper limit (present or future) for any point in the
parameter space. Since the neutrino mass matrix is proportional to the
square of the matrices f and g however, once this choice is made there is no
longer any overall scaling freedom in the coupling g. Putting the calculated
Br(µ → eγ) to equal the experimental bound will generate the smallest
values for the entries of g allowed in the model parameter space. A smaller
upper limit on Br(µ → eγ) will lead to larger g and thus more stringent
constraints from τ → µγ.
We then scanned over the remaining parameters of the model numeri-
cally. Consider first the case of NH. Some examples for Br(τ → µγ) are
shown in figure 9.7. In this plot we have chosen the fixed value ms1,2 = 100
GeV, corresponding to the experimental lower limit, and the three right-
handed neutrino masses all equal to a common MN .9 The points are
scanned over the allowed 3σ ranges for the neutrino data for NH. The
size of the largest entry in g is colour-coded in the points. The plot to
the left has been calculated for the current experimental limit on Br(µ →
eγ)< 4.2× 10−13 [213], the plot to the right is for the expected future limit
Br(µ → eγ)< 6 × 10−14 [214]. For the choice of ms1,2 = 100 GeV no valid
point with gij ≤ 4π ∀ij remains in the parameter space. Constraints are
more stringent for IH, and therefore the same conclusion is reached.
We therefore scanned over ms1,2 ≡ mS and MNi simultaneously. The
results are shown in figure 9.8. Here, MNi are varied within 20% of a
common MN . The range of MN is colour-coded in the points. Again, the
plot to the left is for the current bound on Br(µ→ eγ), while the plot to the
right is for the future bound. In these plots, points with non-perturbative
couplings are shown in bluish colour. This bound eliminates all points below
roughly MN = O(100) GeV already with the current experimental bound
on Br(µ→ eγ), see however the discussion below. We show only the cases
with a trivial R matrix. For non-zero angles in R the results look similar,
although fewer points lie in the perturbative regime.
9For degenerate MNi R becomes unphysical and drops out of the calculation.
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Figure 9.7: Calculated values for Br(τ → µγ) as function of the common
fermion mass MN , for the current lower limit on ms1 = ms2 = 100 GeV.
To the left, with current experimental limits; to the right for the expected
future experimental limits. The required size of the Yukawas is colour-
coded. Bluish-grey points mean that at least one entry in g is larger than
4π.
Figure 9.8: Calculated values for Br(τ → µγ) as function of the scalar mass
ms for different values ofMN (colour-coded). Bluish points are ruled out by
non-perturbative couplings. To the left, with current experimental limits;
to the right for the expected future experimental limit on Br(µ→ eγ).
The combined constraints of perturbativity and future limits from CLFV
searches would put a lower bound on mS roughly of order (180− 200) GeV.
This limit becomes stronger for lower values of MN , as the plots shows.
The above discussion is strictly valid only for the case where the three
right-handed neutrinos have similar masses. For hierarchical right-handed
neutrinos the constraints are usually dominated by the lightest of these.
There exist, however, exceptional points in the parameter space, where the
contributions to Br(µ → eγ) from the three different neutrinos conspire to
(nearly) cancel each other. This is shown in figure 9.9. The figure shows
Br(τ → µγ) as a function of the “lightest” right-handed neutrino mass,
for different choices of MN2,3 . Br(τ → µγ) is dominated by the lightest
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Figure 9.9: Calculated values for Br(τ → µγ) as function of the lightest
right-handed neutrino mass MN1 for different choices of MN2,3 and two dif-
ferent scalar masses mS (left and right). The calculation uses for simplicity
the b.f.p. for neutrino data.
Figure 9.10: Same as figure 9.8 but for IH for the neutrino masses. Bluish
points are excluded due to perturbativity arguments.
mass eigenstate, except in some particular points, where cancellations occur.
Figure 9.7 and figure 9.8 do not cover these exceptional combinations of
parameters.
We have repeated the scans discussed above also for the case of IH. An
example is shown in figure 9.10. IH requires larger Yukawa couplings, since
now two neutrino have masses of order
√
∆m2atm. Thus, many more points in
the parameter space are ruled out due to the perturbativity constraint. This
pushes both fermion and scalar masses to larger values. Indeed, already with
current constraints there are no points with mS below roughly 600 GeV.
Finally, let us mention that in the KNT model there is no short-range
diagram contributing to 0νββ decay. Given that the KNT model predicts
one (nearly)10 massless neutrino, it predicts both, an upper and a lower
limit for 0νββ decay. For normal [inverted] hierarchy the allowed range
is roughly mee ∼ (1 − 5) meV [(20 − 50) meV]. Observing 0νββ decay
10A tiny lightest neutrino mass will be generated at higher loop order.
194 Chapter 9. Minimal three-loop neutrino mass models and CLFV
generations SU(3)C SU(2)L U(1)Y Z2
ϕ 1 1 1 0 −
S 1 1 1 1 −
N 3 1 1 0 −
Table 9.5: New particles in the AKS model with respect to the 2HDM.
outside this range would rule out the KNT model as an explanation for the
experimental neutrino oscillation data.
9.4 AKS model
A general class of models is represented by the AKS model [250]. In this
case the particle content is extended to include new scalars and fermions.
The AKS model extends the usual 2HDM with the real scalar singlet
ϕ, the singly charged scalar S and three generations of singlet fermions N .
Even though a more minimal version with only two generations of N is
possible, we will consider three in the following. The fields S, ϕ and N are
assumed to be odd under the Z2 parity, while the rest of the particles are
even. The quantum numbers of the new particles in the AKS model are
given in table 9.5.
As explained in section 9.1, an additional softly-broken Z2 symmetry
is introduced to avoid dangerous flavour changing neutral currents. We
choose to follow [250] and use this symmetry to couple one of the scalar
doublets (Φ1) only to leptons, and the other (Φ2) only to quarks. Due to
this choice, the Yukawa couplings of the model are given in (9.2), along
with the Yukawa,
−L ⊃ Y ∗N c eR S + h.c. . (9.27)




cN + h.c. , (9.28)
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with MN a symmetric matrix. The scalar potential of the model is given by







4 + 12λ2 |Φ2|
4




λ5 (Φ†1Φ2)2 + h.c.
]
(9.29)


















4 + 12ξ ϕ
2|S|2 .
As usual, we have omitted SU(2)L indices in the previous expression. We
point out that lepton number would be restored in the limit κ → 0. The
presence of this coupling breaks lepton number in one unit.
After electroweak symmetry breaking, the doublet scalars Φ1 and Φ2 get
mixed. The mass eigenstates resulting from this mixing are the Standard
Model Higgs, another Higgs, a new charged scalar, and a pseudoscalar.
The charged and neutral Goldstone bosons are absorbed by the Z and W
gauge bosons. The mass matrix for the CP-even neutral states in the basis





1 − µ212 tan β v1v2 (λ3 + λ4 + λ5) + µ212
v1v2 (λ3 + λ4 + λ5) + µ212 λ2v22 − µ212 cot β
)
. (9.30)
The CP-odd neutral scalar mass matrix in the basis A0 = Im (Φ01,Φ02)T is
M2A0 =
(
−v22λ5 − µ212 tan β v1v2λ5 + µ212
v1v2λ5 + µ212 −v21λ5 − µ212 cot β
)
. (9.31)
One finds a massless state, the Goldstone boson that becomes the longitu-







while the mass of the Z boson is m2Z = 14v
2(g21 + g22). The mass matrix for
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Figure 9.11: Three-loop neutrino masses in the AKS model. H− ≡ H−1,2 rep-
resent the singly charged scalars in the model, obtained after diagonalising





Again, after diagonalisation one obtains a massless state, identified with the
Goldstone boson that becomes the longitudinal part of the W boson, and a





+ λ4 + λ52
)
v2 . (9.34)




Finally, the masses of the singlet scalars ϕ and S are






























As in the cocktail model, the lightest Z2-odd state in the AKS model is
stable and can constitute a dark matter candidate.
Neutrino masses
In the AKS model, neutrino masses are induced at three-loop order, as










where mi is the mass of the i-th charged lepton and FAKS is a dimensionless
loop function that depends on the masses of the scalars and fermions in the
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loop. More details about the calculation of this loop function can be found
in appendix B.
The Yukawa matrix Y in the AKS model does not have any specific
symmetry. Therefore, this model represents the general class of models in
which the Yukawa matrices can be described by using a generalisation of
the Casas-Ibarra parametrisation [283] (see also [281,282]).
9.4.1 Results
The Yukawa structure of the neutrino mass matrix shown in (9.37) re-
sembles that of the type-I seesaw. In order to fit the experimental oscilla-
tion data, we use the Casas-Ibarra parametrisation introducing the neutrino
mass matrix in the flavour basis given in (9.13). We find that,
Y = i (16π
2)3/2




M̂ν U † M̂−1e , (9.38)
where MN has been taken to be diagonal and R is an arbitrary complex
3 × 3 orthogonal matrix. We include FAKS as it is, in general, a function
of the eigenvalues of MN , see appendix B. Similar to the KNT model, the
presence of M̂−1e in the fit, implies the enhancement of each column of the
Yukawa matrix in terms of the charged lepton masses, i.e. Yαi ∝ 1/mi.
This leads to unacceptably large Yukawa entries in the first column. For
instance, choosing NH with mν1 = 0.1 eV, setting all the phases to 0 for
simplicity, R = I and (MN)ii = mN , we find
Y '











clearly in the non-perturbative regime. Insisting on perturbative Yukawa
couplings thus calls for cancellations, especially in the first column, propor-
tional to 1/me. Moreover, even if for a choice of parameters, the Yukawa
lives at the edge of perturbativity, one should take care of the constraints
coming from CLFV. Especially µ → eγ, given the hierarchy among the
entries of the Yukawa matrix Y .
In order to avoid non-perturbativity and CLFV constraints, first we
exploit the freedom in R. We fix two of the complex angles to make two
entries of the Yukawa matrix zero or close to zero. We choose Y21 and
Y31. With this, we find that the third free angle of R is not enough to
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Figure 9.12: To the left, the entries of the first row of the Yukawa coupling
matrix Y zoomed around the poles for Y11 and Y12 for α12 = α13 = δ = π.
To the right, the calculated Br(lα → lβγ). Both computed fixing R for
Y21 = Y31 = 0 and at the minimum allowed value of mN/FAKS. While a
pole for Y11 exists, no pole for Br(µ → eγ) or Br(τ → eγ) is associated
to it due to the divergence of Y12 and Y13 on the pole, i.e. the product
Y11 × Y1j with j = 2, 3 has no divergence. Note that only near the pole for
Y12 Br(µ→ eγ) is below the experimental limit.
cancel another entry in the Yukawa matrix. Therefore, we can only fix the
values of the phases and mν1 to minimise or cancel Y11, similarly to the
cocktail model, or Y12, to live below the experimental limit on Br(µ→ eγ),
proportional to |Yk1Y ∗k2|2. From now on, we also consider κ = 4π, at the
edge of perturbativity, and tan β = 1.
In figure 9.12 to the left, we show the behaviour of the first row of Y
for α12 = α13 = δ = π. We considered for simplicity that all the scalar
masses are equal to mS+ = mϕ = mH± ≡ mS and all the N singlet fermion
masses to be degenerate, mN , and minimise mN/FAKS to find the lowest
value of Y , see (9.38). We found this minimum for mN = 272 GeV and
mS = 100 GeV, where FAKS ≈ 0.44, compatible with the limit on scalar
masses from LEP [42]. Here we do not show the other four non-zero Yukawas
for simplicity. They are nearly constant and of order 0.1. Similar to the
cocktail model (figure 9.2), poles exist in the different Yukawa entries for
particular values of the phases and mν1 . The main difference lies in the
divergence that appears when Y11 = 0. This is caused by our choice of R
matrix, such that Y21 = Y31 = 0. In this case, the pole in Y11 does not
imply a pole in Br(µ→ eγ) or Br(τ → eγ), as it can be seen in figure 9.12
to the right. In fact, the product of |Y11Y ∗13| remains constant over the
pole and very close to the current experimental limit of 3.3 × 10−8 [288].
Only the region around the pole in Y12 is allowed by the experimental limit
Br(µ→ eγ)< 4.2× 10−13 [213].























Figure 9.13: Br(µ→ eγ) scanned over neutrino oscillation data in 1σ (light
blue) and 3σ (dark blue) ranges. This plot scans over the Majorana phases.
The shaded grey area corresponds to the most conservative limit to non-
perturbative Yukawas.
To sum up, the parameter space of the AKS model is constrained mainly
by perturbativity and Br(µ → eγ). The former can be addressed with the
freedom in R to set Y21 and Y31 to zero. As well as by fixing the Majorana
and Dirac phases, and the lightest neutrino mass, to be near the pole of
Y11, where its value is lower than 4π. On the other hand, to be below the
experimental limit on Br(µ → eγ), a similar fine-tuning of the phases and
mν1 should be done to be around the narrow pole of Y12. The parameter
space is then restricted to those values of the phases and mν1 where the
poles of Y11 and Y12 exist, and they are close enough to each other to avoid
the limit on Br(µ→ eγ) while Y11 is still perturbative.
In figure 9.13 we show the value of Br(µ→ eγ) scanning over the com-
plete range of oscillation parameters (NH) and phases. On the right, we
give the limit due to perturbativity of Y11, reducing the parameter space
to a small window of mν1 = (4.5 − 20) meV. Note that like in the cocktail
model, Y11 behaves as mee, and for mν1 & 10 meV, mee has no pole, so Y11
is in the non-perturbative region. Moreover, the cancellation of Y11 and Y12
only occurs for NH, so the model can only explain neutrino data with this
neutrino mass ordering. In the following, we shall consider only NH.
Figure 9.13 not only implies a constraint on mν1 , but also on the phases.
In figure 9.14 we show the points allowed by perturbativity and the experi-
mental limits on Br(µ→ eγ), Br(τ → eγ) and Br(τ → µγ), for the values of
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Figure 9.14: Allowed parameter space for α12, α13 and δ. Neutrino oscilla-
tion data was scanned over the 3σ uncertainties, except δ which was left free.
For points outside this region, either Y11 is non-perturbative or Br(µ→ eγ)
is above the experimental limit.
the three phases. We scanned over the phases and masses, with mS > 100
GeV, allowing oscillation data to vary in 3σ. As can be seen, α12 should lie
around π, while δ is constrained to values between roughly π/2 and 3π/2.
For δ outside this window, there is no cancellation of Y12. In the following,
we restrict the results shown to the region where Br(µ→ eγ)< 4.2× 10−13.
Now we move to analyse τ → eγ and τ → µγ. As shown in figure 9.12
(right), while Br(τ → µγ) is below the experimental limit, except on the
pole of Y11, Br(τ → eγ) is mainly constant and close to the experimental
limit. In figure 9.15 we give both branching ratios fixing δ to the b.f.p. and
scanning over the uncertainties in the rest of the oscillation parameters.
We consider (mN/FAKS)min with mS = 100 GeV and mN = 272 GeV.
Points coloured in grey correspond to non-perturbative Yukawas. We see
that while Br(τ → µγ) is safe, the allowed region on the left plot is severely
constrained by the experimental limit Br(τ → eγ)< 3.3×10−8. This tension
can be mitigated by raising the masses, see figure 9.16. For the AKS model,
the dominant contribution to Br(lα → lβγ) is approximately proportional
to 1/M4, with M the dominant scale [215]. On the other hand, mN/FAKS
is minimal for masses around mS = 100 GeV and mN = 272 GeV. So for
masses away from these values, mN/FAKS increases and, consequently, the
absolute scale of the Yukawas increases as well (see (9.38)), hence narrowing
the region where the Yukawas are perturbative. For mN(mS+) ∼ 106 GeV,
we found no points allowed by perturbativity and the experimental limit
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Figure 9.15: Br(τ → eγ) and Br(τ → µγ) as functions of α13 for different
values of the lightest neutrino mass (colour-coded) along with the current
experimental limits (dotted line). We scanned over 3σ uncertainties of the
oscillation data, except for δ which was fixed to the b.f.p. Grey points are
excluded due to perturbativity arguments.
Figure 9.16: Calculated values for Br(τ → eγ) as function of mN for differ-
ent values of mS+ . Here, we are maximising the allowed parameter space in
terms of α13. For the grey points, at least one entry in Y is larger than 4π.
on Br(µ→ eγ). In figure 9.16, in order to minimise the Yukawas, we fixed
mϕ = mH± = 100 GeV and changemS+ andmN , which enter the calculation
of Br(lα → lβγ).
A similar analysis can be done scanning over the Majorana phases too.
Figure 9.17 shows Br(τ → eγ) as a function of α13 for different fermion and
scalar masses. The allowed parameter space is bigger for mN around 272
GeV, where mN/FAKS is minimal. For different masses the parameter space
narrows, because mN/FAKS increases, as explained before. The upper limit
is due to the phenomenological limit mS+ > 100 GeV, as for mN  mS+ ,
Br(τ → eγ) is dominated by mS+ . On the other side, while going to larger
mN reduces considerably Br(τ → eγ), a lower limit always exists due to
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Figure 9.17: Br(τ → eγ) for different values of mN and mS+ . To the left,
we fixed mS+ and see how by modifying mN the parameter space widens
or narrows due to perturbativity arguments. A similar behaviour can be
observed for the plot on the right, where we show contour lines for different
values of mS+ scanning over mN .
perturbativity.
We close this discussion with a short comment on 0νββ decay. There
is no short-range diagram for 0νββ decay in the AKS model. Since, as
discussed above, the AKS model survives only for normal hierarchy and in
the part of parameter space where mee is largely cancelled, observation of
0νββ decay in the next round of experiments would definitely rule out AKS
as an explanation of neutrino masses.
9.5 Summary and discussion
In this chapter we have considered the cocktail, KNT and AKS models
and studied their CLFV phenomenology. In these models, Majorana neu-
trino masses are generated at the three-loop order, which naturally implies
that large Yukawa couplings are required in order to reproduce the mass
scales observed in neutrino oscillation experiments. As a result of this,
perturbativity is typically lost. We have shown that one can decrease the
Yukawa couplings by tuning some of the free parameters of these scenarios,
such as the lightest neutrino mass mν1 or the Dirac and Majorana phases
contained in the leptonic mixing matrix U . However, even after these pa-
rameters are tuned to recover perturbativity, the resulting CLFV branching
ratios tend to largely exceed the existing bounds. In order to reduce the
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CLFV rates further tuning is needed. Our main conclusion is that the three
models survive only in tiny correlated regions of their parameter spaces.
One should note that CLFV alone cannot exclude any of these mod-
els. The reason is that one can always reduce the CLFV rates as much
as necessary by tuning the parameters of the model more finely. However,
additional experimental handles exist. First, perturbativity imposes upper
limits on the masses of some of the particles running in the loops. The
reason is simple: larger mediator masses would imply a stronger suppres-
sion of the loop functions and then require larger Yukawa couplings. Thus,
also future searches at the LHC in the high-luminosity phase would further
restrict the available parameter space. An important experimental handle
on the models is 0νββ decay. Since mν1 and the Majorana phases must
be tuned for the models to survive, the effective 0νββ neutrino mass mee
becomes strongly constrained and definite predictions for the 0νββ rates
are obtained for the AKS and KNT models. Any observation of 0νββ de-
cay with the next generation of experiments would definitely rule out the
AKS model. For the KNT model, because mν1 ' 0, mee has to be either in
the range mee ' (2− 6) meV or (15− 50) meV for normal hierarchy or in-
verted hierarchy. Only the cocktail model is more flexible in its predictions
for 0νββ decay, due to additional contributions from a sizeable short-range
diagram.
We mention also that only the KNT model can explain neutrino data for
both hierarchies. Neither the cocktail nor the AKS model has any accept-
able point in all of their parameter space in the case of inverse hierarchy.
A crucial ingredient in our analysis is the allowed size for the quartic
scalar potential couplings that play a role in the neutrino mass generation
mechanism, for example λ5 in the cocktail model, λS in the KNT model and
κ in the AKS model. Since neutrino masses are proportional to (some power
of) these couplings, the larger they are, the smaller the Yukawa couplings
can be. In our analysis, scalar couplings as large as 4π have been allowed.
A more restrictive choice, with couplings at most of O(1), would alter the
conclusions dramatically. In fact, all three models would already be ruled
out, if all their couplings are restricted to be not larger than O(1).
Finally, we emphasise again that our strong claims only apply to the
three minimal models considered here. There are several ways to modify
these models so that they can evade the perturbativity and flavour con-
straints. For instance, one can introduce new exotic states in order to get
rid of the proportionality to the charged lepton masses, at the origin of the
problems discussed in the chapter. Also, one may enhance the contributions
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to the neutrino mass matrix by using coloured states. Nevertheless, we also
note that there may be many other three-loop (or four-loop) neutrino mass





Double-β decay processes are sensitive probes of physics beyond the
Standard Model. The Standard Model process of two-neutrino double-β
(2νββ) decay is the rarest process ever observed with half-lives of order
T 2νββ1/2 ∼ 1021 y. Neutrinoless double-β (0νββ) decay, with no observation of
any missing energy, is clearly the most important mode beyond the Standard
Model as it probes the Majorana nature and mass mν of light neutrinos,
with current experimental sensitives of T 0νββ1/2 ∼ (0.1 eV/mν)2 × 1026 y. In
general, 0νββ is a crucial test for any new physics scenario that violates
lepton number by two units.
On the other hand, one or more exotic neutral particles may also be
emitted, with a signature of anomalous missing energy beyond that expected
in 2νββ decay. A well studied set of theories involve the emission of a
scalar particle, called Majoron J . The first such proposed Majoron was a
Goldstone boson associated with the spontaneous breaking of lepton number
symmetry [289, 290], coupling to a neutrino ν as gJ ννJ . Current searches
have a sensitivity of the order T 0νββJ1/2 ∼ (10−5/gJ)2 × 1024 y. The term
Majoron has been used in a wider sense, implying just a charge-neutral
scalar particle (Goldstone boson or not) or vector particle [291]. Originally
considered to be massless, it may also be a light particle [292–294] that
can potentially be a dark matter candidate [295–297]. Searches for extra
particles in double-β decay are crucial in understanding neutrinos. Most
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Figure 10.1: Feynman diagrams for ordinary 0νββJ Majoron decay
(left), 0νββφ decay triggered by an effective operator of the form
Λ−3NP(ūOd)(ēOν)φ (centre) and possible ultraviolet completion of the lat-
ter in a Left-Right symmetric model (right).
importantly, violation of lepton number by two units and thus the Majorana
nature of neutrinos can only be firmly established in the case of 0νββ decay.
Not all such emission modes have been discussed in the literature yet.
Existing experimental searches so far focus on the emission of one or two Ma-
jorons originating from the intermediate neutrino exchanged in the process.
The different Majoron scenarios have been classified into several categories,
all of which assume Standard Model (V − A) charged currents with the
electrons and quarks. In this chapter based on [298], we instead consider
0νββφ decay with emission of a light neutral scalar φ from a single effective
dimension-7 operator of the form Λ−3NP(ūOd)(ēOν)φ, with the fermion cur-
rents having a different chiral structure from that in the Standard Model.
In the following, we will refer to the light scalar as “Majoron”, independent
of its origin. We determine the sensitivity to ΛNP and analyse the effect on
the energy and angular distributions in comparison with 2νββ decay.
10.1 Effective Long-Range Interactions
We are interested in processes where right- and left-handed electrons are
emitted along with a scalar φ considering as a first approach, only (V +A)













+ h.c. , (10.1)
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with the Fermi constant GF , the Cabbibo angle θC , and the leptonic and
hadronic currents jµL,R = ēγµ(1∓γ5)ν and J
µ
L,R = ūγµ(1∓γ5)d, respectively.
Here, ν is a 4-spinor field of the light electron neutrino, either defined by
ν = νL + νcL (i.e. a Majorana spinor constructed from the Standard Model
active left-handed neutrino νL) or ν = νL + νR (a Dirac spinor constructed
from the Standard Model νL and a new sterile right-handed neutrino νR).
Whether the light neutrinos are of Majorana or Dirac type and whether
total lepton number is broken or conserved is of crucial importance for an
underlying model, determined by the chosen lepton numbers for νR and φ,
but as far as the effective interactions in (10.1) are concerned, this does not
play a role in our calculations. The proton mass mp is introduced in the
exotic interactions as normalisation to make the effective coupling constants
εφRL and ε
φ
RR dimensionless, in analogy to the effective operator treatment of
0νββ decay [68, 299]. In (10.1), we omit exotic operators with left-handed
lepton currents; as in the standard long-range case, such contributions will
be additionally suppressed by the small neutrino masses [68]. We instead
focus on the process depicted in figure 10.1 (centre), where the Standard
Model (V − A) Fermi interaction, the first term in (10.1), meets one of
the exotic operators. In this case, the momentum part in the numerator
of the neutrino propagator contributes, rather than the mass. In (10.1) we
consider the first generation electron and neutrino only. Generalising to
three flavours amounts to promoting the εφRX couplings to 3 × 3 matrices
in generation space, (εφRX)αi (α = e, µ, τ , i = ν1, ν2, ν3). The final decay
rate will then be proportional to |εφRX |2 → |
∑
i(εφRX)eiUei|2, where U is the
Standard Model lepton mixing matrix.
10.2 Calculation of the exotic Majoron pro-
cess
Here, we detail the computation of the amplitude and differential de-
cay rate of the 0νββφ process. We follow the calculation of the standard
long-range contributions presented in [300] and start from the effective La-
grangian,
L0νββφ = LSM + LRφ , (10.2)
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jµLJLµ + h.c. , (10.3)
and the exotic 7-dimensional operators incorporating right-handed lepton













+ h.c. . (10.4)
Here, GF is the Fermi constant, θC is the Cabbibo angle and the leptonic
and hadronic currents are defined as,
jµL,R = ēγµ(1∓ γ5)ν , J
µ
L,R = ūγµ(1∓ γ5)d , (10.5)
respectively.
To the lowest order in perturbation theory, the amplitude for the process
of 0+I → 0+F 0νββφ decay depicted in figure 10.1 (centre) is,
M = −
∫
d4xd4y〈F |T {LSM(x)LRφ(y)} |I〉 . (10.6)
The time-ordered product can be expanded as,
T {LSM(x)LRφ(y)} = 2 εRX
(GF cos θC)2
mp




with the chiral projectors defined as PL,R = 12(1 ∓ γ5). Using the neutrino
propagator with momentum q and mass mν , the highlighted term ΞLµν(x, y)












q2 −m2ν + iε
ē(x)γµγαγνPLec(y) . (10.8)
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The amplitude needs to be antisymmetric under the exchange of the elec-
trons e1 and e2, and thus we generalise,






q2 −m2ν + iε
(




with uL/Rµν (E1x,E2y) = qαē(E1, x)γµγαγνPL/R ec(E2, y) and Ei is the energy
of each electron.
We now perform the integral over the temporal variables. The integra-







with ω2 = q2 +m2ν .
On the other hand, expanding the time-ordered product as,
T {LSM(x)LRφ(y)} = Θ(x0 − y0)LSM(x)LRφ(y) (10.11)
+ Θ(y0 − x0)LRφ(y)LSM(x) ,
and using the operator eiHt to extract the temporal dependence from the dif-
ferent wave functions, for example φ(y) = eiEφy0φ(y), one can directly inte-


















ω + A2 + 12Eφ
−
uRσρ(E1y, E2x)





ω + A1 − 12Eφ
−
uRσρ(E1y, E2x)
ω + A2 − 12Eφ
]}
,
where A1/2 = EN −EI + 12Qββ +me±
1
2(E1−E2). We anticipate the closure
approximation and define the matrix element of the hadronic currents as,
JρσLX(x,y) =
1
2 [〈F | J
ρ
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In addition, the following properties under the exchange of position and
electron energies were used in (10.12),





The integration over x0 and y0 in (10.12) also provides the overall energy
conservation condition δ(Qββ + 2me − E1 − E2 − Eφ) with Qββ = EI −
EF − 2me. It is included in the phase space, (10.32) below, by requiring
Eφ = Qββ + 2me −E1 −E2. We additionally assume that the Majoron φ is
emitted predominantly in an S-wave configuration, φ(y) ≈ 1.
Considering the term between braces in (10.12), one can write everything




ω + A2 + 12Eφ
+
JρσXL(x,y)uRρσ(E1x, E2y)






ω + A1 + 12Eφ
+
JρσXL(x,y) uRρσ(E2x, E1y)
ω + A1 − 12Eφ
]}
.
It is furthermore useful to split the leptonic uL,Rρσ functions by separating




. We then define,
F±ρσ = uρσ(E1x, E2y)± uσρ(E1y, E2x), (10.16)
F 5±ρσ = u5ρσ(E1x, E2y)± u5σρ(E1y, E2x), (10.17)
J±ρσ = JLXρσ (E1y, E2x)± JXLρσ (E1y, E2x) . (10.18)
These definitions become useful if one recalls that in the non-relativistic im-
pulse approximation, the JL part of JLXρσ acts on the n-th nucleon whereas
the JX part acts on the m-th when performing the sum over all neutrons
in the initial nucleus. The superscript ± in J±ρσ thus indicates if the combi-
nation of currents is symmetric or antisymmetric under the interchange of
m↔ n. The same applies to F±ρσ and F 5±ρσ .
The closure approximation implies that the sum over all possible inter-
mediate states is performed analytically using the completeness of all inter-
mediate states and by replacing the intermediate state energies EN with a
common average 〈EN〉. This means that the antisymmetric combinations
under the interchange of the nucleons m and n will vanish, as the sum is
performed over all possible configurations. From (10.12) and (10.15), the




























Now, the connection with the results of [300] can be done by contracting
the leptonic and nuclear currents within the impulse approximation. The
only change in our case is in the ω term,
































where the X and Y terms are functions of nuclear parameters and opera-
tors defined in the Appendix C in [300]. The Fα(5)±-terms are generated by
the contraction of the hadronic and leptonic parts in (10.16)-(10.18) fac-
torising out the dependence with the momentum qα from the leptonic part
(see equation (C.2.25) in [300]). One trivially recovers the ω term in the
expression (C.2.23) in [300] for Eφ → 0.
Comparing (10.21) with the results from [300], one can track the depen-
dence with Eφ in the decay rate down to equation (C.3.9) of [300]. The
main change for 0+I → 0+F transitions is in the terms N3 and N4 where a







































Here, αjk = Ãj(E1)Ãk(E2) describe the Coulomb-corrected relativistic elec-
tron wave functions and ζ = 3αZ + (Qββ + 2me)R the correction of the
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Isotope Qββ MGT χF χGTω χFω χ′GT χ′F χT χR χP
82Se 2.99 2.993 −0.134 0.947 −0.131 1.003 −0.103 0.004 1.086 0.430
136Xe 2.46 1.770 −0.158 0.908 −0.149 1.092 −0.167 −0.031 0.955 0.256
Table 10.1: Energy release Qββ [MeV] and relevant nuclear matrix elements
for 82Se and 136Xe used in the calculation of the 0νββφ decay rate and
distributions. The nuclear matrix elements were taken from the shell model
calculations [301] (82Se) and [302] (136Xe), except for MGT in 136Xe where
we use an updated value from the same group [303].
electron P wave, with the fine structure constant α and the radius R and
charge Z of the final state nucleus. The information about the electron




2E Fk−1(Z,E) , (10.24)






(2pR)2(γk−k)|Γ(γk + iy)|2eπy , (10.25)
where γk =
√
k2 + (αZ)2, y = αZE/p and p =
√
E2 −m2e.
In order to arrive at (10.21) one should neglect the higher order terms
E212, E12Eφ and E2φ as they are suppressed with an extra denominator (ω+
Ai) compared to (10.20).
The Zi terms are given in (10.26)-(10.29) below, and they contain the
nuclear matrix elements and effective particle physics couplings. The Zi
terms are the same as in [300], with the relevant couplings λ → εφRR and
η → εφRL substituted. Note that the term with Z1 in equation (C.3.9) in [300]
related to the standard 0νββ decay disappears from (10.22), as we are not
considering the interaction LSM(x)LSM(y).
Z3 =
[










εφRR(χ′GT − 6χT + 3χ′F )− ε
φ
RL(χ′GT − 6χT − 3χ′F )
]
MGT , (10.28)
Z6 = εφRLχPMGT . (10.29)
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These equations are valid when both εφRL and ε
φ
RR are present. For our
numerical calculations, we use the Qββ values and nuclear matrix elements
MGT , χF , etc. presented in table 10.1 for 82Se and 136Xe. We use the
following values for the remaining parameters: GF = 1.2 × 10−5 GeV−2,
α = 1/137, gA = 1.27, R = 1.2A1/3 fm with the mass number A of the
isotope in question. The factors N1, N2, N3 and N4 in (10.22) and (10.23)
are then fully described and the energy-dependent coefficients are,
a(E1, E2, Eφ) = |N1|2 + |N2|2 + |N3|2 + |N4|2 , (10.30)
b(E1, E2, Eφ) = −2Re (N∗1N2 +N∗3N4) . (10.31)
The differential decay rate for the 0+ → 0+ 0νββφ decay can then be written
as [300],
dΓ = C [a(E1, E2, Eφ) + b(E1, E2, Eφ) cos θ]w(E1, E2, Eφ) dE1 dE2 dcos θ ,
(10.32)
with




w(E1, E2, Eφ) = m−7e p1p2E1E2Eφ . (10.34)
Here, gA is the axial coupling of the nucleon and R is the radius of the nu-
cleus. The magnitudes of the electron momenta are given by pi =
√
E2i −m2e
and 0 ≤ θ ≤ π is the angle between the emitted electrons. Throughout the
above expressions, the Majoron energy is implicitly fixed by the electron
energies as Eφ = Qββ + 2me − E1 − E2 due to overall energy conservation.
From the fully differential decay rate (10.32), we can extract all the
necessary information for the different distributions.
10.3 Decay rate and distributions
From (10.32), the total decay rate and thus the half-life is calculated
by performing the integration of a(E1, E2, Eφ) over all energies within the
allowed phase space limits E1, E2 ≥ 0 and E1 +E2 ≤ Qββ + 2me. The total
214 Chapter 10. 0νββ decay with non-standard Majoron emission











































Figure 10.2: Left: Normalised 0νββφ decay distributions in the total ki-
netic energy of the electrons for 136Xe. Right: Normalised 0νββφ decay
distribution in the single electron kinetic energy distribution for 82Se. The
blue solid and red dashed lines correspond to the εφRR and ε
φ
RL cases, re-
spectively. The corresponding distributions for the Standard Model 2νββ
decay and ordinary 0νββJ Majoron decay (spectral index n = 1) are given
for comparison.
decay rate Γ and the half-life T1/2 are then calculated as,








dE2 a(E1, E2, Eφ)w(E1, E2, Eφ) .
(10.35)
In addition, we determine and discuss several distributions below. We
will show results for the εφRL and ε
φ
RR versions of the effective operators
where we consider only one of these to be present at a time. We assume
the exotic φ Majoron to be massless in our calculations and comment on
massive φ in the discussion below. For our numerical evaluation we focus
on two isotopes: (i) 136Xe, for which the KamLAND-Zen collaboration [47]
currently provides the most stringent constraints; (ii) 82Se used by NEMO-
3 and the upcoming SuperNEMO experiments [304] that can measure the
detailed electron topology.
For all experimental searches, the crucial distribution is with respect
to the sum of the kinetic energies of the detected electrons. With the
Standard Model 2νββ decay as irreducible background to any exotic signal,
it is important to calculate it precisely. In figure 10.2 (left), we compare
the normalised total electron kinetic energy distribution of 0νββφ decay
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with that of 2νββ decay and ordinary 0νββJ Majoron decay (with spectral
index n = 1) for the isotope 136Xe. The distribution associated with εφRL is
very similar to ordinary 0νββJ decay, while the introduction of a hadronic
right-handed current in the εφRR term changes considerably the shape of the
distribution. In both cases, the spectral index still corresponds to n = 1
with the characteristic onset near the kinematic endpoint. We emphasise
that because of the different shape, a dedicated signal over background
analysis is required to determine the experimental sensitivity on the effective
parameters εφRL and ε
φ
RR precisely.
NEMO-3 and SuperNEMO are able to measure the individual electron
energies. In right-handed current scenarios without emission of a Majoron,
the single energy distribution exhibits a distinctive valley-type shape. This
occurs as the dominant term is proportional to (E1 − E2) for the corre-
sponding εRR term, as a result of the antisymmetry with respect to electron
exchange.1 In our case, depicted in figure 10.2 (right), part of the energy is
being carried away by the Majoron, shifting the distribution towards lower
electron energies and softening the characteristic valley-type distribution
for εφRR. The distribution does not vanish for E1 − me = 12Qββ (as in the
ordinary right-handed current case), but is still significantly different from
that of ordinary Majoron emission.
We can analyse in detail the distributions for the individual electron
energies integrating the angular dependence in (10.32). The fully differential
energy information is encoded in the normalised double energy distribution,
Γ−1 dΓ
dE1dE2
= 2CΓ a(E1, E2, Eφ)w(E1, E2, Eφ) . (10.36)
This function, in terms of the kinetic energies normalised to the Q value,
(Ei−me)/Qββ, is plotted in the top row of figure 10.3 for the case of 0νββφ
Majoron emission through εφRL (left) and ε
φ
RR (centre) as well as for the
Standard Model 2νββ decay (right). The plots are for the isotope 82Se
but would be qualitatively similar for 136Xe. As can be seen, the shapes
depicted as contours are different between all three modes. Especially the
εφRR exhibits an asymmetry in that one of the electrons takes the majority
of the visible energy. If the individual electron energies can be measured, as
e.g. in the NEMO-3 or SuperNEMO experiments, this can be exploited to
enhance the signal over the 2νββ background. The distribution with respect
1For the εRL term with a left-handed hadronic current, P -wave and nuclear recoil
contribute constructively, giving a dominant contribution proportional to (E1+E2) [300].
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Figure 10.3: Double electron energy distribution dΓ
dE1dE2
(top row) and elec-
tron angular correlation α (bottom row) as function of the individual elec-
tron kinetic energies for 82Se. Each column is for a specific scenario: 0νββφ
Majoron emission through εφRL (left) and ε
φ
RR (centre); Standard Model 2νββ
decay (right). The angular correlation of the latter is approximately iden-
tical to ordinary Majoron emission 0νββJ .
to both electron energies depicted in figure 10.3 (top panel) exhibits an even
more pronounced difference between the εφRR mode and 2νββ. This may be
used experimentally to improve the sensitivity through kinematic selection
criteria, counteracting the effect of the less peaked total energy distribution,
cf. figure 10.2 (left). As an illustrating example, requiring that any one of
the electrons in a signal event has a kinetic energy Ei−me > Qββ/2 would
reduce the 0νββφ-εφRR rate only by a factor of 2 but would suppress the
2νββ rate by a factor of 20.
Note that figure 10.3 provides the full kinematical information in each
mode; all measurable quantities can be constructed from these distributions.
For example, the distributions in figure 10.2 can be easily determined by
appropriately integrating the first row over dΓ
dE1dE2
.
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In addition to the energies, the angle between the electron momenta also





is a function of the individual electron energies which can take values be-
tween (−1) (the two electrons are dominantly emitted back-to-back) and
(+1) (the two electrons are dominantly emitted collinearly). For 82Se it
is plotted in the bottom row of figure 10.3 in the three modes of inter-
est. As expected from angular momentum considerations, the electrons are
dominantly emitted back-to-back in the Standard Model 2νββ decay with
(V −A) lepton currents, α < 0 for all energies. For εφRL, they are dominantly
emitted collinearly, α > 0 for all energies. In the case of εφRR, the behaviour
is complex due to the asymmetry of the amplitude under the exchange of
electrons and nuclear recoil effects. The correlation α is positive when one
of the electrons has a kinetic energy Ei − me > Qββ/2, but changes sign
(α < 0) when the kinetic energy of both electrons is below Qββ/2.
One can use the angular correlations to distinguish between left-handed
and right-handed currents [76,305], see figure 10.3 (bottom panel). Integrat-
ing over the electron energies one obtains the average angular distribution




2 (1 + k cos θ) . (10.38)
The coefficient k is kφRL = +0.70 (electrons are dominantly emitted collinearly)
and kφRR = −0.05 (electrons are emitted nearly isotropically) in our 0νββφ
scenarios with εφRL and ε
φ
RR, respectively, for 82Se. For comparison, the an-
gular correlation factor for Standard Model 2νββ decay is k2νββ = −0.66
and kJ = −0.80 for ordinary Majoron emission; i.e. the electrons are dom-
inantly emitted back-to-back.
Finally, we estimate the sensitivity of existing and planned future double-
β decay searches on the effective coupling strength εφRL and ε
φ
RR of 0νββφ
decay. We would like to emphasise again that due to the different total
electron energy distribution, a dedicated signal over background analysis
is required to determine the constraints precisely. Experiments such as
NEMO-3 and SuperNEMO can also improve their sensitivity due to the
non-standard decay topology, especially for εφRR. A requirement that any
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Isotope T1/2 [y] |εφRL| |ε
φ
RR|
82Se 3.7× 1022 [304] 4.1× 10−4 4.6× 10−2
136Xe 2.6× 1024 [47] 1.1× 10−4 1.1× 10−2
82Se 1.0× 1024 8.0× 10−5 8.8× 10−3
136Xe 1.0× 1025 5.7× 10−5 5.8× 10−3
Table 10.2: Current limits and expected future sensitivity on the effective
couplings εφRL and ε
φ
RR of 0νββφ decay for 82Se and 136Xe. The limits are
estimated based on the experimental half-life constraints for ordinary Ma-
joron emission (spectral index n = 1) as given. Nuclear matrix elements
from table 10.1 [301–303] were used for this estimate.
one electron has a kinetic energy of Ei − me > Qββ/2 can for example
reduce the 2νββ background by an order of magnitude. Here, we sim-
ply estimate the sensitivity by comparing our predictions for the 0νββφ
decay half-life T1/2 = ln 2/Γ (10.35) with the experimental constraints on
ordinary (n = 1) Majoron emission. We use the most stringent limits for
82Se by NEMO-3 [304] and for 136Xe by KamLAND-Zen [47]. For future
prospects, we estimate that experimental Majoron search sensitivities may
reach T Se1/2 ≈ 1024 y (e.g. with the help of angular and energy selection cuts
at SuperNEMO) and TXe1/2 ≈ 1025 y.2 The corresponding limits on ε
φ
RL and
εφRR are shown in table 10.2, where only one effective operator is assumed
to be present at a time.
10.4 Summary and discussion
Searches for Majorons or Majoron-like particles are a staple in double-β
decay experiments. So far, they only cover the case where the neutrino
involved couples via the Standard Model (V − A) charged current interac-
tion. This is clearly a well-motivated minimal choice but it is worthwhile to
explore other scenarios. In this chapter, we have discussed one such alter-
native where a Majoron-like particle φ is emitted from effective operators
with (V + A) leptonic currents, cf. figure 10.1 (centre). The future sensi-
tivities on the effective couplings εφRL and ε
φ
RR shown in table 10.2 may be
2The corresponding 0νββ decay sensitivities of the planned SuperNEMO [306] and
nEXO experiments [307] may improve by O(100), but this requires an experimental
approach that is essentially background-free. This is not possible for Majoron emission
with a continuous total electron energy spectrum.
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translated into effective operator scales ΛNP ≈ 1.3 TeV and 270 GeV, respec-




2mp). As noted before, we assume
a massless φ in deriving these limits; they remain essentially unchanged for
masses small compared to Qββ, mφ . 0.2 MeV and are of the same order
for mφ . 1 MeV, but will deteriorate as mφ → Qββ (for a recent analysis
in ordinary Majoron emission see [297]). Constraints on our operators may
also be set from other processes, such as exotic decay modes of the pion,
π− → e−ν̄eφ. As we consider only V + A currents, helicity suppression
will still apply and the limits are expected to be correspondingly weak, we
roughly estimate ΛNP & 15 GeV.
An example of an ultraviolet scenario generating the effective operators
in (10.1) is suggested in Left-Right symmetric models [118–121,308] where
the Standard Model W and ν are replaced by their right-handed counter-
parts WR and N . The heavy neutrino N then mixes with ν via a Yukawa
coupling yν once the Standard Model Higgs boson acquires its vacuum ex-
pectation value 〈H〉 = 174 GeV. A massless or light scalar φ is not part of
the minimal Left-Right symmetric model which thus needs to be modified,
e.g. by keeping the U(1)B−L symmetry global or by extending its scalar sec-
tor. Charging φ under lepton number allows coupling to N with a strength























where gR is the gauge coupling constant and θRC the equivalent of the
Cabibbo angle, both associated with the SU(2)R of the Left-Right sym-
metric model.
Alternatively, it is also possible to trigger the εφRL mode through theWR-
W mixing θ. Its value is generically expected to be θ = κgRm2W/(gLm2WR)
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This is more stringent due to the better sensitivity on εφRL in table 10.2.
Choosing the right-handed neutrino mass mN to be as low as 100 MeV is
strictly speaking not allowed in the effective operator treatment which re-
quires mN  pF ≈ 100 MeV, but it may be more natural in a scenario
where the mass of N is generated through the VEV of φ, mN = yN〈φ〉.
In fact, choosing mN to be smaller and abandoning the effective operator
treatment may be more natural; the qualitative arguments should hold as
above though a dedicated calculation of 0νββφ would be required. In ad-
dition, the contribution to 0νββφ via a heavy neutrino is expected to peak
at mN ≈ pF with the above estimates give a good approximation [309].3
Other ultraviolet completions do exist; to the lowest order, the effective
operator εφRR in (10.1) can be matched to the Standard Model invariant
operator LeRd̄RuRHφ (= O8φ in the counting of lepton number violating
operators in [56]). All tree-level completions of the operator O8 were de-
rived in [310] which can be easily adapted to include the Standard Model
singlet φ. These for example include heavy leptoquarks as well as heavy
scalars and fermions as present in R-parity violating supersymmetry.
The interactions in (10.1) could also be extended in several directions.
Most straightforwardly, one can generalise (10.1) by including scalar and
tensor fermion currents to incorporate all possible Lorentz-invariant combi-
nations. The Majoron may also couple derivatively, if originating as a Gold-
stone boson; this would increase the number of possible Lorentz-invariant
combinations. Alternatively, if the exotic particle is a vector boson aµ [291],
3In addition to the operators discussed here, the Left-Right symmetric scenario will
also induce a standard Majoron interaction φνν (leading to standard Majoron emission
with spectral index n = 1) after electroweak symmetry breaking from an operator of the
form φHHνν. It is suppressed relative to our contributions by an additional power of
yν but does not suffer from suppression by the heavy WR mass or the small WR −W
mixing.
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such as a dark photon, the fermion currents can couple to it via the vector
field itself as well as its field strength tensor fµν . An even number of exotic
neutral fermions χ may also be emitted but this would quickly increase the
dimension of the corresponding effective operator. Instead, they may also
originate from the internal neutrino via a dimension-6 operator of the form
Λ−2NPννχχ [311]. Exploring such alternatives to the well-studied neutrinoless
double-β decay is imperative in order to be able to draw reliable conclusions
on the nature of neutrino mass generation and motivate experimentalists to
search for these exotic decays.

Conclusions
The observation of neutrino flavour oscillations and their explanation
in terms of massive neutrinos provide the first and most clear evidence of
physics beyond the Standard Model of particle physics. Nowadays, there is
doubtless experimental certainty that neutrinos have a tiny, yet non-zero,
mass, although we still do not know how these masses arise or even their
scale.
As has been discussed in Chapters 1 and 2, there are several mechanisms
proposed to give masses to neutrinos. A very appealing option are radia-
tive models, which explain the smallness of neutrino masses compared to
the masses of the rest of the fermions: neutrinos are massless at tree-level
and their masses are generated via loops. This allows to explain the light-
ness of neutrinos without introducing heavy scales, as neutrino masses are
suppressed by the loop suppression factor 1/16π2 for each loop, as well as
the possible presence of Standard Model masses and/or extra quartic and
Yukawa couplings. The typical mass scale of radiative models lies roughly in
the range of O(1− 100) TeV. This is especially interesting for phenomenol-
ogy, radiative models contain couplings which violate lepton flavour and, for
Majorana mass models, lepton number, at a scale that may be low enough
to be testable at colliders, like the LHC, and in low energy particle physics
experiments, like searches for lepton flavour violating (LFV) and/or lepton
number violating (LNV) processes, such as µ→ eγ and 0νββ decay, respec-
tively.
In this thesis we classify and study several scenarios where neutrino
masses are generated radiatively. In Chapter 3 we discussed the generation
of small neutrino masses from d = 7 one-loop diagrams. We systemati-
cally analysed all possible dimension 7 one-loop topologies and diagrams,
and organised them w.r.t. their particle content. From an initial set of 48
topologies, only 8 topologies can lead to genuine d = 7 neutrino masses. The
remaining 40 topologies are either non-renormalisable realisations, correc-
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tions to some other operator (infinite loop contributions), or they generate
a lower order operator, for example d = 5 at one-loop level, which would be
the dominant contribution to neutrino masses. We then generated all pos-
sible diagrams and found there is only one diagram with no representation
larger than an SU(2)L triplet, while there are 22 diagrams which require
either one or two quadruplets. This classification is the first where neutrino
masses are grouped into classes with similar particle content. This opens
the possibility of obtaining general conclusions valid not only for a single
model, but for a whole set of them, as models among the same class share
a similar phenomenology (see Chapter 8).
In Chapter 4 we studied systematically the decomposition of the Wein-
berg operator at three-loop order. Due to the huge number of topologies
we computationally implemented known algorithms from graph theory to
generate a list of all three-loop connected topologies with 3- and 4-point
vertices, and four external lines. We subsequently applied several cuts to
obtain a list of 99 genuine topologies, which can be divided into two sets ac-
cording to their particle content, due to a loophole in the standard procedure
of previous classifications, first spotted in this thesis. Due to the antisym-
metric nature of SU(2)L couplings or the presence of massless fermions in
the loops that forces derivatives to appear in the effective operator, there
are certain diagrams, a priori non-genuine, which can be genuine for a very
particular choice of fields. There are 55 topologies that generate 271 dia-
grams which are genuine due to the loophole just explained. We called them
special genuine, and they can be classified according to the particular parti-
cle content required to be genuine, which considerably restricts the possible
models that can be generated. On the other hand, there are 44 normal gen-
uine topologies with 228 diagrams which do not required any specific fields.
Finally, we estimated the typical parameter range for which dimension 5
three-loop models can explain the measured neutrino oscillation data. We
found that they can fit the data for a new physics mass scale of roughly
1− 103 TeV, which can be partially testable at current and future colliders,
and experiments searching for lepton flavour violation.
In Chapter 5 we discussed the complete decomposition and classification
of the Dirac neutrino mass operator L̄HcνR at two-loop order. We identified
70 topologies with 3 external legs, two-loops and 3, 4-point vertices. Among
them, only 5 satisfy the genuineness criteria explained in Chapter 2. These
5 topologies generate 18 renormalisable diagrams, which can be classified in
three different categories depending on the requirements imposed on their
possible particle content, similarly to the previous classification of the Wein-
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berg operator at three-loop order. The first class contains diagrams which
are genuine in general; the diagrams in the second class contains a one-loop
realisation of a fermion-fermion-scalar vertex that can be genuine providing
a symmetry transformation that forbids not only the tree-level but also the
one-loop diagram and, then, breaking it softly allowing the two-loop mass
diagram; and finally, the diagrams in the last class always contains an SM
Higgs and a singlet (1, 1,−1) running in the loop in order to be genuine.
Examples of these classes are then analysed showing that they can fit the
neutrino mass scale for couplings order one if the new physics scale is O(1)
TeV.
In Chapter 6 we studied how the breaking pattern of lepton number de-
termines whether neutrinos are Dirac or Majorana, depending on the resid-
ual Zn symmetry. We showed that only if neutrinos transform as the identity
or under a subgroup Z2 of Zn, they can be Majorana fermions. Moreover,
this remnant symmetry can be used to stabilise a dark matter candidate
that participates in the radiative generation of the neutrino masses. We
provided a generic framework to obtain stable dark matter along with nat-
urally small Dirac or Majorana neutrino masses generated at the loop level.
This is achieved through the spontaneous breaking of the global U(1)B−L
symmetry to a residual even Zn (n ≥ 4) subgroup. In this scenario, the
residual Zn symmetry which guarantees dark matter stability and protects
the radiative generation of neutrino masses is obtained dynamically from
the breaking of lepton number.
In Chapter 7 we presented a class of falsifiable models where neutrino
masses are generated via a type-I seesaw mechanism with radiative Dirac
Yukawas. Neutrino mass is naturally suppressed due to the radiative gen-
eration of the Dirac Yukawas, rather than forcing a large Majorana mass
scale for the right-handed neutrinos, as in the original type-I seesaw. Con-
sequently, the new physics scale can be kept low, even below the TeV, de-
pending on the specific realisation choosen to generate the effective Dirac
Yukawa couplings. Parametrising, as general as possible, the effective Dirac
Yukawa in terms of number of loops, mass insertions and number of dimen-
sionful and dimensionless couplings, we found that the limits from Big Bang
Nucleosynthesis and ∆Neff rule out a big part of the possible models, while
several of the remaining realisations are within the reach of future updates
or experiments.
In Chapter 8 we analysed in detail the rich phenomenology of dimension
7 one-loop neutrino mass models trying to derive general conclusions us-
ing LHC and low-energy particle physics experimental results. As already
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explained in Chapter 3, this class of models always contain large SU(2)L
representations and hypercharges in order to be genuine, i.e. particles with
very high electrical charges. We studied the constraints coming from neu-
trino oscillation data, lepton flavour violating searches and colliders. Sig-
nals of highly charged fields with lepton number violation have a very low
background from the Standard Model in colliders, such that most of the
parameter space will be tested by future phases of LHC and the updates
from charged lepton flavour violation experiments.
In Chapter 9 we studied the phenomenology of charged lepton flavour
violation (CLFV) for the three most popular three-loop minimal Majorana
neutrino mass models in the literature, i.e. the cocktail model, the KNT
model and the AKS model. We call these models “minimal” since their par-
ticle content correspond to the minimal particle contents for which genuine
three-loop models can be constructed. In all the three minimal models the
neutrino mass matrix is proportional to some powers of Standard Model lep-
ton masses, providing additional suppression factors on top of the expected
loop suppression. Consequently, to correctly explain neutrino masses, large
Yukawa couplings are needed. We have calculated charged lepton flavour
violating observables and found that the models survive the current con-
straints only in very small regions of their parameter spaces for the present
mass limits from LEP and the LHC. Only particular choices of the Dirac
and Majorana phases survive for a narrow range of the lightest neutrino
mass. We showed that this class of models, if not yet excluded, are severely
constrained. Moreover, it opens the possibility to falsify some of the models
in future CLFV experimental updates or double-β decay experiments.
Finally, in Chapter 10 we discussed a novel mode of neutrinoless double-
β decay with emission of a light Majoron-like scalar particle. We assumed
an operator with a right vector-axial lepton current leading to a long-range
contribution that is unsuppressed by the light neutrino mass. We have
calculated the total double-β decay rate and determined the fully differen-
tial shape for this mode. We found that future double-β decay searches
are sensitive to scales of the order 1 TeV for a light scalar mass below 0.2
MeV. The angular and energy distributions can deviate considerably from
that of two-neutrino double-β decay, which is the main background, encour-
aging future double-β decay experiments to search for new physics in the
analysis of the single electron energy spectrum and the angular distribution.
Summing up, we have presented and discussed a great variety of radia-
tive neutrino mass models from the model-building and phenomenological
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point of view. We have classified them and analysed specific scenarios or
models we found particularly interesting due to their phenomenology and/or
simplicity. In most of the cases, radiative models can explain the smallness
of neutrino masses (and other drawbacks of the Standard Models) with a
relative low energy scale, which can be tested by current and future exper-
iments, offering a falsifiable window to new physics.

Appendix A
Complete lists of topologies
and diagrams
In this appendix we list some of the relevant topologies and diagrams
discussed in Chapter 3 and Chapter 4.
A.1 d = 7 one-loop
Here, we present the list of all d = 7 one-loop topologies, classified into
genuine and non-genuine topologies, as discussed in Chapter 3. We also give
the complete list of diagrams that can lead to “genuine” d = 7 neutrino mass
models with SU(2)L quadruplet representations.
Topologies
In figure A.1 shows the 8 topologies that can lead to genuine d = 7
one-loop models. We stress again that not all diagrams, derived from these
topologies, are necessarily genuine, as discussed in the main text. Note
that only T11 generate a model in which the largest representation can be
as small as a SU(2)L triplet. All other 7 topologies require at least one
quadruplet for genuine models.
In figure A.3 we list all topologies for which every diagram that can
be generated is excluded, since they contain either a singlet fermion νR ≡
(1,1, 0), a triplet scalar ∆ ≡ (1,3,−1), or a triplet fermion Σ ≡ (1,3, 0).
All diagrams from these topologies, thus, will also generate a tree-level d = 5
seesaw contribution to the neutrino mass matrix.
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Figure A.1: Topologies that can lead to a genuine d = 7 one-loop neutrino
mass model. T11 is the only topology for which the largest representation
can be as small as a SU(2)L triplet. For all other topologies at least one
quadruplet must appear in the diagram for the model to be genuine. The
quadruplet diagrams based on those topologies are shown in figures A.7-
A.10. For the triplet model see figure 3.11 in Chapter 3.
In figure A.4 we list the topologies for which many but not all diagrams
are excluded by a d = 5 tree-level seesaw. For these topologies, all remaining
diagrams are excluded because a one-loop d = 5 contribution to the neutrino
mass necessarily exists.
In figure A.5 we list topologies which lead to a d = 7 tree-level neutrino
mass. For each of these topologies, one can construct diagrams which have
a d = 5 tree-level mass. All remaining diagrams, contain the scalar S ≡
(1,4, 3/2) along with the fermion Ψ ≡ (1,3, 1) and, thus, generate the d = 7
tree-level BNT model [93]. We note in passing that one can, in principle,
use these diagrams to radiatively generate one of the vertices in the BNT
model. This is very similar to the discussion for the radiative generation of
a seesaw coupling given in [58] at d = 5 level.






Figure A.2: (Continues in figure A.3).
Finally, figure A.6 contains, for completeness, the topologies which are
excluded since they can never lead to a renormalisable model.





Figure A.3: Topologies that necessarily lead to a d = 5 tree-level neutrino
mass. Continuation of figure A.2.
Genuine diagrams
In this section we list diagrams with quadruplets. All diagrams are given
in figures A.7-A.10. We have divided these diagrams into three groups,
depending on whether there is a quadruplet in the loop (figure A.7), the
scalar S on the outside of the loop (figure A.8) or models with at least two
different quadruplets (figure A.10).
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1 15
31 37
Figure A.4: Topologies that lead to a d = 5 one-loop neutrino mass. All
diagrams generated from the topologies in this class, not already excluded
because they generate a d = 5 tree-level mass, include the particle content
necessary to generate neutrino mass through one of the four genuine d = 5
one-loop diagrams, see figure 2.10. Note that T15 is an exceptional case,
since it has diagrams for all three possibilities: tree-level d = 5, one-loop
d = 5 and tree-level d = 7.
25 29 35
Figure A.5: Topologies, which lead to a d = 7 tree-level neutrino mass. For
each of these topologies one can construct diagrams, which have a d = 5
tree-level mass. All remaining diagrams contain the scalar S ≡ (1,4, 3/2)
along with the fermion Ψ ≡ (1,3, 1) (figure 2.4) [93].
A.2 d = 5 three-loop
In this section we are interested in those scenarios where the dominant
contribution to neutrino masses arises from a three-loop realisation of the
Weinberg operator. As explained in Chapter 4, genuine neutrino mass di-
agrams must descend from one of the 44 topologies shown in figure A.11,
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32 36 43
44 47 48
Figure A.6: Topologies discarded because they lead to non-renormalisable
operators.
otherwise it is not possible to forbid lower order contributions, indepen-
dently of the assignment of fermions and scalars to the lines.
However, the procedure used to identify these 44 normal genuine topolo-
gies admits a loophole: in the presence of very special fields, it is possible to
generate three-loop neutrino masses diagrams with other topologies, with no
lower order contributions appearing (see section 4.1.2). In figures A.12-A.13
we show these 55 special genuine topologies. These topologies are separated
in two groups: (i) at least one diagram exists which is genuine due to the
presence of an antisymmetric SU(2)L contraction with two identical parti-
cles at loop level; or (ii) the diagram is genuine because it contains a one-
or two-loop effective coupling of dimension five or above with at least one
derivative.
































Figure A.7: Diagrams that can lead to a genuine d = 7 one-loop neutrino
mass for which the largest representations of SU(2)L is at least a quadruplet.
This group of diagrams require the quadruplet to be one of the particles

























Figure A.8: Diagrams that lead to a genuine d = 7 one-loop neutrino mass
for which the largest representations of SU(2)L is at least a quadruplet. All
these diagrams contain S ≡ (1,4, 3/2). The hypercharge of the scalar S
ensures the absence of a d = 5 one-loop neutrino mass.
















































































Figure A.9: (Continues in figure A.10).












































Figure A.10: All remaining diagrams that lead to a genuine d = 7 one-loop
neutrino mass for which the maximum representations of SU(2)L is at least
a quadruplet. In these diagrams, two quadruplets are needed. Along with
the external fermion or scalar quadruplet, a genuine model always needs
an internal quadruplet to distinguish between the scalar (1,4, 1/2) [fermion
(1,4,−1/2)] and a Higgs [L]. Continuation of figure A.9.
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1 2 7 83 4 5 6
9 10 15 1611 12 13 14
17 18 23 2419 20 21 22
25 26 31 3227 28 29 30
33 34 39 4035 36 37 38
41 42 43 44
Figure A.11: List of topologies associated to normal genuine diagrams. We
refer to them in the text as Ti with i = 1, · · · , 44.




















Figure A.12: List of special genuine topologies associated to the antisym-
metric contractions of SU(2)L (Ti with i = 45, · · · , 73). See section 4.1.2 for
details.
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74 75 76 77 78 79 80 81
82 83 84 85 86 87 88 89
90 91 92 93 94 95 96 97
98 99
Figure A.13: List of special genuine topologies associated to internal mass-
less fermion fields. See section 4.1.2 for details.
Appendix B
Loop integrals
In this appendix we give some useful results for the calculation of dia-
grams with loops. First, we briefly show how to compute two-loop integrals
with one of the diagrams of the example models considered in Chapter 5.
Then, we have a short discussion about master integrals for three-loop neu-
trino masses, showing that every three-loop integral can be written as a
combination of five master integrals. Finally, we compute the three-loop
integrals in the cocktail, KNT and AKS models.
B.1 Computation of two-loop integrals
In this section, we summarise the main tools needed in order to write
every two-loop integral in terms of two master integrals. Two-loop integrals
have been evaluated before in the literature and here we will follow [60,153,
163].
To illustrate how the decomposition of two-loop integrals into an analytic
expression works, we take the loop functions (5.4) from the first example in
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By the use of partial fraction, when various propagators have the same
momenta, the integral can be written as a sum over integrals with less
denominators,
1









Moreover, integrals with momenta in the numerator which coincides with
that of one of the propagators can be reduced as,
q2
(k2 − x1)(q2 − x2)
= 1
k2 − x1
+ x2(k2 − x1)(q2 − x2)
. (B.5)
Making use of only these two expressions one can write every two-loop











(k2 − x)(q2 − y)((k + q)2 − z) , (B.6b)
for which analytical expression can be easily found in the literature, see for
example [153,173].
Particularly, for the two-loop integrals given in (B.1) and used for the
numerical analysis of figure 5.10, the decomposition in terms of the master
integrals A and I is,
F (1) = 1(x1 − x2)(x3 − x4)
× (B.7){ 1
x3 − x5
[I(x1, x3, 1)− I(x1, x5, 1)− I(x2, x3, 1) + I(x2, x5, 1)]− (x3 ↔ x4)
}
,
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and
F (2) = 12(1− x2 − x5)F
(1) (B.8)




+ A(x2)A(x5)− (x1 − x2)(I(x1, x3, 1)− I(x1, x5, 1))]
− I(x1, x3, 1) + I(x2, x3, 1)− (x3 ↔ x4)} ,
F (2) = 12(1− x2 − x5)F
(1) (B.9)




+ A(x2)A(x5)− (x1 − x2)(I(x1, x3, 1)− I(x1, x5, 1))]
−I(x1, x3, 1) + I(x2, x3, 1)− (x3 ↔ x4)} ,
where we have used that k · q = 12 [(k + q)
2 − k2 − q2].
The decompositions for all the diagrams in figure 5.6 in terms of the
master integrals can be found in [60].
B.2 Master integrals for three-loop neutrino
masses
Here we give the minimal set of integrals that span the complete list of
possible genuine models. In principle, starting from the list of 30 genuine
diagrams in the mass eigenbasis (see figure 4.12 and figure 4.13), one should
obtain at least 30 integrals assigning momenta to the fields. This initial
set, however, can be further reduced applying the results previously used
in two-loop calculations in [60, 312], both based on [163], and three-loop
integrals in [153,313]. Here, we are going to summarise the results in these
papers which we need.
Using the notation of [153], we can write
T(n1,n2,n3,n4,n5,n6)(x1, x2, x3, x4, x5, x6) = (B.10)∫∫∫
(k1,k2,k3)
1
[k21 − x1]n1 [k22 − x2]n2 [k23 − x3]n3 [(k1 − k2)2 − x4]n4 [(k2 − k3)2 − x5]n5 [(k3 − k1)2 − x6]n6
.
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Here we have used the abbreviation given in (4.11) and the powers of
the propagators ni can be any integer number. Note that the integral is
invariant under the interchange of pairs (ni, xi) and moreover, satisfies the










for i, j = 1, 2, 3, with X equal to any product of propagators of the form






(xjj+ − 1)nj = 0 . (B.12)
Here d is the dimension of the momentum integration in dimensional regu-
larisation and j± is short-hand notation for the following operator,
j±T(...,nj ,...) = T(...,nj±1,...) . (B.13)
By repeated application of the identities (B.11), any of the three-loop
integrals T can be reduced to a linear combination of five master integrals
[153],
H(x1, x2, x3, x4, x5, x6) = T(1,1,1,1,1,1)(x1, x2, x3, x4, x5, x6) ,
G(x3, x1, x6, x2, x5) = T(1,1,1,0,1,1)(x1, x2, x3, x4, x5, x6) ,
F(x1, x2, x5, x6) = T(2,1,0,0,1,1)(x1, x2, x3, x4, x5, x6) , (B.14)
A(x1)I(x2, x3, x5) = T(1,1,1,0,1,0)(x1, x2, x3, x4, x5, x6) ,
A(x1)A(x2)A(x3) = T(1,1,1,0,0,0)(x1, x2, x3, x4, x5, x6) .
where A is the standard one-loop Passarino-Veltman function [173] and I
is a two-loop integral described in [163]. It is worth mentioning that ana-
lytical expressions exist for the well-known integrals A and I, while for the
three-loop ones (F, G, and H) results are known only for very particular
cases (see [153] for details).
Particularising to our case, starting from the 30 diagrams in figure 4.12
and figure 4.13, in the mass insertion approximation, and assigning mo-
menta to the internal lines, one can find that the integrals have repeated
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propagators with equal momenta but different masses.1 One can prove that
every three-loop integral in figure 4.12 and figure 4.13 can be written in
terms of the integrals in (B.10). We note here that partial fractions can be
used to reduce the number of propagators with common momenta [163],




T({n11,n12−1},n2,n3,n4,n5,n6)({x11, x12} , x2, x3, x4, x5, x6)
−T({n11−1,n12},n2,n3,n4,n5,n6)({x11, x12} , x2, x3, x4, x5, x6)
]
,
where T({n11,n12},n2,n3,n4,n5,n6)({x11, x12} , x2, x3, x4, x5, x6) is the same as T
without the braces, but with an extra propagator [k21 − x12]n12 .
On the other hand, some integrals with a non-trivial integrand numer-
ator can be further simplified using the p2-decomposition, namely
p2
(k2 − x1)(p2 − x2)
= 1(k2 − x1)
+ x2(k2 − x1)(p2 − x2)
. (B.16)
To demonstrate how this procedure works in practice, we can take for
instance the loop integral of model 1, given in section 4.4. Applying the
identity (B.15) twice to both propagators sharing k1 and k2 momenta,






G(1, x1, x2, x1, x1) −G(1, x1, x2, 0, x1) (B.17)
− G(1, 0, x2, x1, x1) +G(1, 0, x2, 0, x1)
}
.
For model 5 of section 4.4, the decomposition of the loop integral FL(x1, x2)
in (4.15) is straightforward given the previous example. One only has to
apply (B.15) three times to obtain a linear combination of eight G inte-
grals. Here we focus on the decomposition of FR(x1, x2), just to present an
example of a integral with a non-trivial numerator. One should first notice
1The momenta flowing into the diagrams is set to 0, given the smallness of neutrino
masses.
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that under the integral sign,




(k2 + k3)2 − k22 + k23
]
. (B.18)
It is clear that one should apply the p2-decomposition in (B.16) along with
the partial fractions decomposition (B.15), as in the previous case, to get
rid of the numerator and the repeated propagators. The full process of the
decomposition is rather lengthy and cumbersome, so here we give just the
final result.





G(x1, 1, x4, 1, x3)−G(x1, 1, x4, 0, x3) (B.19)
−G(x1, 0, x4, 1, x3) + G(x1, 0, x4, 0, x3)
−G(x2, 1, x4, 1, x3) + G(x2, 1, x4, 0, x3)
+G(x2, 0, x4, 1, x3)−G(x2, 0, x4, 0, x3)
}
,






(x1 + x3 − 1)
[




G(x1, 1, x4, 0, x3)−G(x1, 0, x4, 0, x3)
]
−(x2 + x3 − 1)
[














One can check that the loop integral decompositions are still symmetric
under the interchange of x1 and x2, as it was the case with the original
integral definitions.





















Figure B.1: Dimension 5 mass diagrams in the gauge basis. Note that given
the chirality, the corresponding integral has two momenta in the numerator.
This is denoted with /∂. When referring to these diagrams we will use the
notation I(5)i with i = 1, 2 following the order of the figures.
B.3 Minimal three-loop neutrino mass mod-
els: loop integrals
Finally, we show the calculation of the loop integrals in the three-loop
models discussed in Chapter 9, the cocktail, KNT and AKS models. Here,
we derive the loop functions used in the aforementioned chapter. For their
computation, we did not rely on approximations, but implemented the full
integral numerically using pySecDec [154].
Moreover, as explained in the previous section, all the integrals shown
here, can be factorised in terms of five master integrals as normally done.
Nevertheless, we decided not to do it, because there is still no analytical
general solution to all the three-loop master integrals and their factorisa-
tion could lead to numerical precision issues. Note that these five master
integrals have divergent parts, while the full integral is finite.
B.3.1 Cocktail model
To compute the dimensionless integral FCocktail in (9.11), we choose the
Feynman-’t Hooft gauge ξ = 1. In this gauge, the propagator of the Wµ
boson has no momenta structure in the numerator, while the standard Gold-
stone H+ contribution with a mass m2W should be included. We decided
to show the diagrams in the gauge basis to be able to identify the different
contributions that enter in FCocktail.




















































Figure B.2: Dimension 7 mass diagrams in the gauge basis. Wµ couples
with a derivative to the scalars, so every diagram has the same number of
derivatives. We will use the notation I(7)i with i = 1, 4 following the usual
order from left to right and top to bottom.
We identified 12 different diagrams in the gauge basis with dimensions 5,
7 and 9, see figures B.1-B.3. All of them are proportional to the mass of the
charged leptons squared and with two derivatives. Naively, one could ex-
pect that the dominant contribution comes from the dimension 5 diagrams.
However, as we are considering 4π couplings and lowering the new physics
scale as much as possible, all 12 diagrams could be in principle relevant.
We shall show in detail how we derived the integral of the first diagram
in figure B.3 as an example, denoted as I(9)1 , and give just the results for
the rest. We chose this diagram as it gives a similar prefactor as in the
original work [113]. After electroweak symmetry breaking (EWSB), we
rotate the diagram to the mass basis, see figure B.4. H+ is the Goldstone















































































Figure B.3: Dimension 9 mass diagrams in the Feynman-’t Hooft gauge.
Denoted as I(9)i with i = 1, 6 when required, following the standard ordering
(left to right and top to bottom).
boson associated to Wµ, which appears explicitly with mass mW in the
Feynman-’t Hooft gauge. H+ are the two mass eigenstates with eigenvalues
m2+ coming from the mixing of S+ and η+,
M2H+ =














which can be trivially diagonalised by a 2 × 2 rotation matrix RH+ with
angle β. ηR,I are the CP-even and CP-odd components of η0, with masses






d4k/(2π)3 and assigning momenta in the loop, the
















Figure B.4: Mass diagram after EWSB in the Feynman-’t Hooft gauge. H+
is the Goldstone boson associated to Wµ with mass mW .
with
D(9)1 = (k21)(k22)(k21 +m2W )(k22 +m2W ) × (B.23)
((k1 + k2)2 +m2ρ++)(k23 +m2a)((k1 + k3)2 +m2+i)((k2 − k3)2 +m2+j) ,
where a = R, I and we have neglected the masses of the charged SM
fermions. The sum over free indices can be explicitly done enlarging the


















with Î(1)1 a dimensionless integral defined in (B.29), which depends only on
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Finally, including the corresponding couplings from the potential (9.9),














where the Yukawa h and the SM charged fermion masses have been omitted.
The computation of the rest of the diagrams in figures B.1-B.3 is very
similar to the example shown. We only give the results here and omit
their calculation. The function FCocktail in (9.11) is given by the sum of the









with d = 5, 7, 9 using the notation in figures B.1-B.3. The prefactor origi-
nates from the normalisation of (9.11). The corresponding 12 contributions





































































































































































































where each numerator, associated to the derivatives depicted in the dia-
grams, is defined as
N1 = k1 · k2 ,
N2 = k2 · (2k3 + k1) , (B.30)
N3 = (2k3 + k1) · (2k3 + k2) ,
while for the denominators,
D0 = (k21)(k22)(k21 + xW )(k22 + xW )((k1 + k2)2 + 1)(k23 + xR)(k23 + xI) ,
D1 = D0 × ((k1 + k3)2 + x1)((k2 − k3)2 + x1)((k1 + k3)2 + x2)((k2 − k3)2 + x2) ,
D2 = D0 × ((k1 + k3)2 + x1)((k1 + k3)2 + x2)((k2 − k3)2 + x2) ,
D3 = D0 × ((k1 + k3)2 + x1)((k2 − k3)2 + x2) , (B.31)
D4 = D0 × ((k2 − k3)2 + x1)((k2 − k3)2 + x2) ,
D5 = D0 × ((k2 − k3)2 + x2) ,
with the mass ratios x defined in (B.26). The integrals in (B.29) are evalu-
ated numerically using pySecDec.
We now discuss the maximisation of FCocktail. We are interested in this
case, because the Yukawa h in (9.14) is inversely proportional to FCocktail,
and we want to explore the parameter space where h is small enough to be
perturbative and avoid CLFV constraints. In general, every integral Î(a)i
gets larger for smaller masses or, equivalently, smaller ratios. We shall fix a
limit of 100 GeV on the scalar masses of ηR,I and H+, and 800 GeV for the
doubly charged singlet ρ++, see section 9.2 for details. We set the dimen-










Figure B.5: Neutrino mass diagram for the KNT model in the gauge basis.
sionless couplings λ5, λ(3)ηH , and κ to 4π. For the dimensionful µ couplings we
impose the limits µ1 < 4max[m+1,m+2] and µ2 < 4max[m+1,m+2,mρ++ ],
required to avoid the radiative generation of negative quartic scalar cou-
plings [110].
We found the maximum value of FmaxCocktail ' 192 for mR = m+1 = 100
GeV,mρ++ = 800 GeV,mI = 878 GeV, andm+2 = 1237 GeV, with maximal
mixing angle β = π/4. µ1 = (∆m2+)/
√
2v = 4372 GeV, while µ2 is simply
4m+2.
B.3.2 KNT model
The computation of the mass diagram for the KNT model is much sim-
pler than the one in the cocktail model. The main contribution to the
neutrino mass comes only from the diagram in figure B.5 in the electroweak
symmetric basis. Moreover, there is no mixing between the scalars partic-
ipating in the loop, so FKNT in (9.21) is just the three-loop integral of the
diagram in the mass basis shown in figure 9.6. Neglecting the SM charged





(k21)(k22)(k21 + x1)(k22 + x1)(k23 + 1)((k1 − k3)2 + x2)((k2 − k3)2 + x2)
,
(B.32)








Note that (B.32) is simple enough to be easily decomposed in terms of three-
loop master integrals [153]. Due to the repetitions of the momenta in the






















Figure B.6: Neutrino mass diagrams for the AKS model in the gauge basis.











(k21 − x1)(k22 − x1)
− 1(k21)(k22 − x1)





As the second and third terms are identical under the exchange of k1 and k2,
one can finally write FKNT in terms of a combination of the master integral




[G(1, x1, x2, x1, x2)− 2 G(1, x1, x2, 0, x2) + G(1, 0, x2, 0, x2)] .
(B.35)
The integral has an analytical expression for x1i = x2i = 1.
About the maximum value of FKNT, we proceeded analogously to the
cocktail model. In this case, we maximised FKNT/MNi , since the neutrino
mass matrix in (9.21) is proportional to this ratio. We set a lower limit on
the mass of the singly charged scalars of 100 GeV and let MNi = MN free.
We found that the maximum is around FKNT ' 60 with mS1 = mS2 = 100
GeV and MNi = 840 GeV.
B.3.3 AKS model
In this case, there exists two non-equivalent diagrams shown in fig-
ure B.6, which differ by the crossing of the internal S-lines. FAKS is then
the sum of the integrals from both diagrams with the correct normalisation,
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given in (9.37),
FAKS = I1 + I2 . (B.36)
By assigning momenta to the internal fields, the two dimensionless integrals








D0 = (k21)(k21 − x1)(k22)(k22 − x1)(k23 − 1)((k1 − k3)2 − xS)((k2 + k3)2 − xS) ,
D1 = D0 × (k23 − xϕ) , (B.38)
D2 = D0 × ((k1 + k2 + k3)2 − xϕ) ,
where we have neglected the SM charged fermion masses. The ratios of











Similar to the previous models, we computed the maximum of the func-
tion FAKS/MNi to minimise the absolute scale of the Yukawa Y . We con-
sidered MNi = mN and set a lower limit of 100 GeV to the scalar masses.
We found the maximum for mN = 272 GeV and mH = mϕ = mS = 100
GeV where FAKS ' 0.45.

Resumen de la Tesis
La observación de las oscilaciones de neutrinos ha supuesto la confirma-
ción de que los neutrinos tienen masa, lo cual constituye la evidencia más
clara de física más allá del Modelo Estándar. Las oscilaciones se observan
debido a un desajuste entre los autoestados de masa y electrodébiles o de sa-
bor, i.e. los autoestados electrodébiles son una superposición de autoestados
de masa (o viceversa). Un neutrino de un sabor específico, al propagarse,
oscila entre los distintos sabores con una probabilidad que depende de la
energía del neutrino, la distancia recorrida, la diferencia entre los estados
de masa y los elementos de la matriz que relaciona la base electrodébil con
la base de masa, la matriz de mezcla U . Todos estos parámetros son medi-
dos en experimentos (ver Tabla 1.1), algunos con una precisión notable, sin
embargo sigue habiendo muchas incógnitas en la física de neutrinos. De-
sconocemos que valor tienen las masas de los neutrinos, solo tenemos cotas
superiores a su masa o la suma de sus masas, no sabemos como están orde-
nadas estas masas e, incluso, ignoramos por completo como estas se generan
o si los neutrinos son partículas de Dirac o Majorana.
El tema principal de esta tesis es el estudio de los modelos radiativos de
masa de neutrinos. En estos modelos las masas de los neutrinos están pro-
hibidas a nivel árbol, pero permitidas a un cierto orden en bucles (loops).
Lo que se consigue con esto es explicar de una forma natural la pequeñez de
las masas de los neutrinos comparadas con las masas de los otros fermiones
del Modelo Estándar. Esto permite disminuir la escala de energía a la que
aparece la nueva física llegando a rangos de energías observables para los
experimentos actuales y futuros. Además estos modelos permiten incor-
porar fácilmente sectores con candidatos de materia oscura con una rica
fenomenología, lo que ha atraído mucha atención sobre estos modelos.
Los modelos de masa de neutrinos de Majorana, ya sean a nivel ár-
bol o radiativos, se basan mayormente en el operador de Weinberg OW ,
o en versiones extendidas del mismo de mayor dimensión, como Od =
OW × (H†H)
d−5
2 . A nivel árbol el operador de Weinberg se puede generar
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en tres modelos mínimos, los conocidos seesaws de tipo-I, II y III. Estos
introducen, respectivamente, un singlete fermiónico, un triplete escalar y
un triplete fermiónico. En cada modelo, la pequeñez de las masas de los
neutrinos se debe, ora a la elevada escala de masa de los fermiones, ora al
pequeño valor esperado en el vacío (VEV) del triplete escalar. Realizaciones
más complejas del operador de Weinberg existen a nivel árbol con un interés
ya sea fenomenológico o teórico. Por ejemplo, los seesaws inverso y lineal
son una extensión del seesaws de tipo-I, donde se les añade un singlete fer-
miónico, de tal forma que se pueda explicar la pequeñez de las masas de los
neutrinos sin recurrir a una escala muy elevada de nueva física. Así mismo
existen ejemplos de realizaciones del operador Od con d = 7, 9, 11, 13 en la
literatura, donde se recurre a operadores dimensionalmente mayores para
explicar el tamaño de las masas de los neutrinos. En analogía a los seesaws
explicados, recientemente se han propuesto varios modelos de masa para
neutrinos de Dirac con mecanismos similares a los tres seesaws. En estos
modelos se genera una extensión del operador L̄HνR añadiendo escalares
cuyos VEVs rompen número leptónico en un número de unidades que no
permite términos de Majorana (∆L = 2) para los neutrinos.
Como se ha mencionado antes, otra posible forma de explicar la pe-
queñez de las masas de los neutrinos es mediante modelos radiativos. Cada
loop añade una supresión de 1/16π2, lo que permite reducir la escala de
nueva física. En la literatura existen ejemplos de modelos con varios loops,
principalmente aprovechando la libertad de los mismos para explicar otros
problemas del Modelo Estándar, como la materia oscura. A su vez, se
han realizado clasificaciones de todos los diagramas/modelos que se pueden
generar a partir de OW y Od para ciertas dimensiones d y número de loops.
Existen clasificaciones para el operador de Weinberg a uno y dos loops,
mientras que para d > 5 solo se han clasificado los operadores a nivel árbol.
Igualmente, para neutrinos de Dirac algunas clasificaciones existen pero solo
abarcan modelos hasta un loop. La idea principal de las clasificaciones es
agrupar topologías o diagramas que generen modelos con características sim-
ilares, ya sean debido a que dan una masa de neutrinos de un orden similar,
a su fenomenología o a su contenido de partículas. Un concepto esencial en
las clasificaciones es la de topologías o diagramas genuinos, entendido como
la topología o diagrama de dimensión d con ` loops que genera al menos
un modelo que es la contribución dominante a la masa de los neutrinos con
dimensión d y ` loops, sin necesidad de una simetría adicional.
259
Clasificaciones de modelos radiativos
En el Capítulo 3 hemos llevado a cabo la clasificación de las realiza-
ciones del operador de Weinberg extendido de dimensión 7 (Od=7) a un
loop. Hemos construido todas las topologías y diagramas, organizándolas
de acuerdo a su contenido en partículas. De un conjunto inicial de 48
topologías, solo 8 de ellas conducen a modelos genuinos de masas de neu-
trinos a nivel d = 7 un loop. Las 40 topologías restantes son realizaciones
no renormalizables, correcciones a algún otro operador (contribuciones con
loops infinitos), o generan un operador de orden inferior, por ejemplo d = 5
(Weinberg) a un loop o nivel árbol, que serían contribuciones dominantes
a las masas de los neutrinos. Después hemos generado todos los diagra-
mas posibles insertando fermiones y escalares, de tal forma que el diagrama
resultante tuviese dos fermiones y dos escalares externos. Analizando el con-
junto de diagramas, hemos encontrado que algunos de los diagramas, para
ser genuinos, todos los modelos generados contienen ciertas representaciones
de SU(2)L. Esto se debe a que el operador Od=7 contiene (H†H), término
que hay que prevenir que se acople como un singlete, ya que entonces Od=7
se reduciría al operador Weinberg. Para ello hay que recurrir a representa-
ciones por encima del doblete, de tal forma que se fuerce a (H†H) a acoplarse
como un triplete. De esta forma, se obtienen 23 diagramas genuinos, de los
cuales uno de ellos no contiene ninguna representación mayor a un triplete
de SU(2)L, mientras que los 22 diagramas restantes requieren uno o dos
cuadrupletes con hipercargas 3/2 y/o 1/2 para ser genuinos. A continuación,
hemos construido tres modelos de ejemplo con la clasificación: el primero
es el modelo más simple que hemos encontrado basado en el diagrama con
triplete (D(i)11 , figura I); el segundo es un modelo que requiere un cuadruplete
escalar para ser genuino; y el último un ejemplo de un modelo no mínimo
que incluye un quintuplete de SU(2)L. Esta clasificación es la primera en
la que los modelos de masas de neutrinos se agrupan en clases con un con-
tenido similar de partículas. Esto abre la posibilidad de obtener conclusiones
generales válidas, no solo aplicables a un modelo, sino generalizables a un
conjunto completo de modelos. Resumiendo, para evitar masas de neutrinos
de orden inferior, los modelos genuinos que hemos discutido siempre tienen
que introducir al menos cinco nuevos multipletes de SU(2)L, generalmente
con una hipercarga alta. Aunque estos modelos d = 7 son necesariamente
construcciones más complicadas que el seesaw estándar, desde un punto de
vista fenomenológico son particularmente atractivas. Una característica de
los modelos basados en operadores con d > 5, i.e. Od, es que debido a
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que contienen (H†H), cada una de estas combinaciones puede cerrarse y
generar un loop. Es decir, Od a n-loops, genera Od−2 a (n − 1)-loops. Se
puede calcular que aproximadamente la escala de nueve física tiene que ser
menor a 2 TeV si se quiere que Od a n-loops sea la contribución dominante
a la masa de los neutrinos sobre Od−2 a (n− 1)-loops. Consecuentemente,
estos modelos presentan de forma natural una cota superior a la masa de los
campos más allá del Modelo Estándar. Si combinamos esto con el hecho de
que estos modelos tienen siempre partículas con mucha carga eléctrica y la
violación de número leptónico, se pueden esperar procesos interesantes en
colisionadores. Esto implica que estos modelos se puede probar fácilmente
en colisionadores dado el bajo fondo esperado para este tipo de señales y el









Figura I: Única topología (izq.) y diagrama (der.) para los cuales un modelo
genuino existe sin representaciones mayores a tripletes. El resto de modelos
generados de otras topologías y diagramas necesitan al menos un cuadru-
plete para ser genuinos.
El Capítulo 4 continua con el estudio sistemático de la descomposi-
ción del operador de Weinberg a tres loops. Debido a la gran cantidad de
topologías, hemos implementado computacionalmente algoritmos conocidos
de teoría de grafos para generar la lista de todas las topologías conectadas
con tres loops, vértices de 3 y 4 patas y cuatro líneas externas. Análoga-
mente al capítulo anterior, aplicamos varios cortes para obtener una lista de
99 topologías genuinas, que se pueden dividir en dos conjuntos de acuerdo
con su contenido de partículas. Está clasificación se fundamenta en una
laguna en el procedimiento estándar de clasificaciones anteriores, que se
vio por primera vez en esta tesis. A priori, se puede pensar que toda
realización de un vértice a loops, si es renormalizable y está permitido
por las simetrías, también lo debería estar el correspondiente vértice sin
loops, es decir a nivel árbol. Esto implicaría que una topología o diagrama
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que contuviese una realización a loops de un vértice con tres patas ex-
ternas o con cuatro patas escalares debería ser reducible y, por lo tanto,
no genuino. Este fue el procedimiento adoptado para obtener la lista de
topologías genuinas en clasificaciones anteriores. Sin embargo, lo men-
cionado anteriormente no es correcto para ciertas combinaciones de cam-
pos. Debido a la naturaleza antisimétrica de las contracciones de SU(2)L,
ciertas contracciones se anulan cuando se tienen partículas idénticas. Es el
caso de, por ejemplo, dos Higgses a singlete S, que resulta en la contrac-
ción Hα (iσ2)αβHβ S = (H+H0 − H0H+)S = 0, o tres Higgses acoplados
a un doblete. Aunque esto es verdadero para el acoplamiento local HHS,
la interacción no puntual, es decir mediante loops, no se anula (ver figura
II). Así mismo, la presencia de fermiones sin masa dentro del loop puede
evitar que ciertos diagramas sean reducibles. Como estamos trabajando con
modelos antes de la rotura espontánea de la simetría, los únicos fermiones
sin masa fenomenológicamente viables serían los del Modelo Estándar. De-
bido a la quiralidad de los fermiones estos contribuyen de forma efectiva
con una derivada. Consecuentemente, el acoplamiento, a priori renormaliz-
able y de dimensión 4, pasa a ser no renormalizable al incluir la derivada y,
por lo tanto, no reducible (ver figura III). Estos casos particulares afectan
a 55 topologías que generan 271 diagramas que son genuinos debido a la
laguna que se acaba de explicar. Los llamamos genuinos especiales y se
pueden clasificar de acuerdo con el contenido específico de partículas re-
querido para ser genuinos, lo que restringe considerablemente los posibles
modelos que se pueden generar. Por otro lado, hay 44 topologías genuinas
normales que generan 228 diagramas que no requieren ninguna partícula
específica para ser genuinos (ver resumen en la figura 4.14). Después de la
rotura espontánea de la simetría, cuando el Higgs adquiere un VEV, estos
diagramas se reducen a 18 y 20 en la base de masa. Todas las integrales
de tres loops se pueden entonces escribir en función de 5 integrales bási-
cas. Finalmente, hemos estimado el rango de parámetros típicos para el
cual los modelos de tres loops de dimensión 5 pueden explicar los datos
experimentales de oscilaciones de neutrinos. Descubrimos que pueden ajus-
tar los datos para una escala de nueva física aproximadamente dentro del
rango 1 − 103 TeV, parcialmente comprobable en colisionadores actuales y
futuros, así como experimentos que buscan violación del sabor leptónico.
Por tanto, los modelos de tres loops son construcciones interesantes, ya que
son comprobables experimentalmente.
Por último, en lo que respecta a las clasificaciones de modelos radiativos,
en el Capítulo 5 hemos discutido la descomposición completa y la clasifi-
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Figura II: Realización de OW a dos loops que ilustra una de las lagunas
en el procedimiento de encontrar los diagramas y topologías genuinas. En
particular, si uno de los escalares, SA,B, es el Higgs, y el otro es un singlete
de SU(2) con la hipercarga correcta, entonces la interacción puntual HSASB
es cero. Por lo tanto, el diagrama de la izquierda no implica que se pueda
construir el diagrama de la derecha con un loop menos. Esto es trivialmente
generalizable para el caso de tres loops.
Figura III: Ejemplo de un diagrama que contiene una interacción efectiva de
fermión-fermión-escalar a un loop (señalado en rojo). Este loop es reducible
salvo que ψ sea un fermión del Modelo Estándar, en cuyo caso la presencia
de una derivada en el propagador de ψ hace que la interacción efectiva sea
no renormalizable.
cación del operador de masa de neutrinos de Dirac de dimensión 4, L̄HcνR,
a dos loops. Para generar una masa de Dirac y explicar los datos de os-
cilaciones de neutrinos es necesario añadir al menos dos copias de neutrinos
dextrógiros, νR, singletes bajo el grupo gauge del Modelo Estándar. Si no
se supone ninguna simetría más allá del Modelo Estándar, esto generaría el
seesaw de tipo-I, con una escala de nueva física del orden de 1014 TeV para
acoplamientos de orden 1, y los neutrinos serían partículas de Majorana.
Para reducir esta escala de masas y mantener neutrinos de Dirac se añade
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una simetría al modelo, comúnmente abeliana discreta, Zn, o continua,
U(1), que prohíbe el operador L̄HcνR a nivel árbol, pero una vez rota, per-
mite su realización a nivel de loops y, a su vez, protege la naturaleza Dirac
de los neutrinos. Siguiendo los procedimientos ya explicados en los casos
anteriores, se han identificado 70 topologías con 3 patas externas, dos loops
y vértices con 3 o 4 inserciones. Entre estas topologías, solo 5 satisfacen
los criterios de autenticidad explicados en el Capítulo 2. Una clara diferen-
cia entre Dirac y Majorana es que los modelos de Dirac siempre necesitan
una simetría más allá del Modelo Estándar, lo cual se traduce en que toda
topología irreducible (1PI) es genuina ya que siempre existe una simetría
que lo permite. Del total de las 5 topologías 1PI se generan 18 diagramas
renormalizables, que se pueden clasificar en tres categorías diferentes en
función de los requisitos impuestos sobre su posible contenido de partículas,
de forma similar a la clasificación anterior del operador de Weinberg a tres
loops. La primera clase contiene diagramas que son genuinos en general; los
diagramas de la segunda clase contienen una realización a un loop de un vér-
tice escalar-fermión-fermión; y finalmente, los diagramas en la última clase
contienen siempre un loop con tres inserciones escalares. Las dos últimas
clases contienen realizaciones a un loop que, en principio, son reducibles, sin
embargo existen formas de evitarlo. La segunda clase puede ser genuina si
se proporciona una simetría que prohíba no solo el diagrama a nivel árbol,
sino también el acoplamiento efectivo de fermión-fermión-escalar a un loop,
para luego romper suavemente esta simetría permitiendo el diagrama de
masas a dos loops. Este procedimiento, aunque parezca general, falla para
la tercera categoría, ya que el vértice a prohibir con tres escalares es un
término suave (dimensión 3) y, por lo tanto, habría que incluirlo de todas
formas una vez rota la simetría para que la teoría fuese consistente. Sin
embargo, en estos diagramas se puede usar la antisimetría de las contrac-
ciones de SU(2)L para evitar que sean reducibles. Por ello, estos diagramas
deben contener siempre un Higgs H y un singlete (1, 1,−1) corriendo en el
loop para ser genuinos. Esto limita considerablemente los posibles modelos,
tal y como se observa al comprar las tablas dadas en la sección 5.2 con
los posibles campos que pueden ser empleados. Una vez caracterizadas las
categorías, hemos construido un modelo de la primera y otro de la tercera
clase como ejemplos, y analizado como funcionan las masas de los neutrinos
en estos casos. Se muestra que se puede ajustar la escala de masa de neutri-
nos, suponiéndola en torno a 0.05 eV, para acoplamientos de orden uno, si
la nueva escala física es O(1) TeV. A si mismo, se observa como el modelo
de ejemplo de la tercera clase tiene un polo en la masa de los neutrinos.
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Esto se debe, otra vez, a la antisimetría de las contracciones de SU(2)L.
Las topologías de esta clase contribuyen con dos diagramas a la masa de los
neutrinos con signo opuesto, los cuales se anulan entre sí cuando todas las
masas que participan en el loop interno son aproximadamente iguales.
Modelos específicos de generación de masa
En los Capítulos 6 y 7 hemos estudiado un serie de modelos específicos
inspirados en las clasificaciones anteriores. Se trata de dos capítulos donde
se describen varios mecanismos generales para obtener masas de neutrinos
radiativamente con una escala baja de nueva física, y relacionándolos con
posibles candidatos de materia oscura.
Normalmente, la conservación o violación del número leptónico está aso-
ciada a neutrinos de Dirac o Majorana, respectivamente. Sin embargo, in-
cluso si la simetría leptónica se rompe, los neutrinos pueden ser de Dirac.
En el Capítulo 6 hemos estudiado cómo el patrón de ruptura del número
leptónico determina si los neutrinos son Dirac o Majorana, dependiendo de
la simetría residual Zn. Se puede concluir que, si los neutrinos no trans-
forman trivialmente bajo el grupo Zn, estos son partículas de Dirac, salvo
que el grupo Zn contenga un subgrupo Z2 al cual pertenezcan los neutrinos.
En este caso, los neutrinos serían partículas de Majorana. Con esta idea
se pueden construir modelos radiativos para Dirac y Majorana con mate-
ria oscura estable participando en el loop. Para ello se emplea la simetría
de número leptónico, concretamente U(1)B−L, prohibiendo la masa a nivel
árbol, pero permitiéndola de forma radiativa al romper la simetría. Esta
simetría, si no se rompe por completo, dejaría una simetría residual Zn (con
n ∈ N), que protegería la naturaleza Dirac o Majorana de los neutrinos y
que, a su vez, puede usarse para estabilizar un candidato de materia oscura.
Hemos construido un marco teórico del que se obtienen estos resultados
dando un diagrama genérico de n-loops y d dimensiones, y estableciendo
ciertas condiciones que los campos y transformaciones deben de cumplir.
De esta forma, se puede determinar cual es la simetría residual, y concretar
si el modelo produce neutrinos de Dirac o Majorana, y cuales serían los
campos que pertenecen al sector de materia oscura. La estabilidad de la
materia oscura solo se logra si la simetría remanente Zn es tal que n no
es primo, es decir, que contiene al menos un subgrupo invariante. De esta
forma, según como transforme el Modelo Estándar, si bajo el subgrupo o
fuera de él, se puede saber que campos sería estables y, por lo tanto, posibles
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candidatos para materia oscura si son eléctricamente neutros. Finalmente,
hemos mostrado dos ejemplos basados en los diagramas mínimos encontra-
dos para cada caso. En el ejemplo de Dirac, el número leptónico se rompe
a Z6, de tal forma que el Modelo Estándar transforma bajo el subgrupo Z3
y los campos dentro del loop fuera de dicho subgrupo. Siendo estos últimos
posibles candidatos de materia oscura, ya que la simetría protege cualquier
decaimiento de uno de los campos internos a solo partículas del Modelo
Estándar. Para el ejemplo de Majorana, la simetría residual es Z4, estando
los neutrino cargados bajo el subgrupo Z2. Con esto, cualquier campo que
transforme como ±i bajo Z4 no puede decaer solo al Modelo Estándar. El
más ligero de estos, si es neutro, es por lo tanto un buen candidato de
materia oscura estable a cualquier orden.
En el Capítulo 7 hemos desarrollado y estudiado una extensión del see-
saw de tipo-I original. Estos modelos de masa para neutrinos de Majorana,
como en el seesaw, incluyen al menos dos copias del neutrino dextrógiro con
una masa de Majorana. La diferencia radica en que los Yukawa de Dirac
en lugar de ser a nivel árbol, se generan de forma radiativa. De esta forma,
se pude explicar la masa de los neutrinos con acoplamientos de orden uno y
una escala de nueva física entre 1−1010 GeV, según el número de loops (ver
figura IV). Esto implica una mejora considerable respecto al seesaw original,
que necesita una masa de 1014 GeV para los neutrinos dextrógiros. La gen-
eración radiativa de los Yukawas de Dirac se fundamenta en el mecanismo
descrito en el capítulo anterior. Se empieza con una simetría que prohíbe el
término L̄HcνR pero permite la masa de Majorana para νR, esta se rompe,
suavemente en nuestro caso, de tal forma que deja una simetría residual que
permite la realización radiativa del operador L̄HcνR a n-loops, así como es-
tabiliza a un posible candidato de materia oscura que participe en los loops.
Hempos estudiado el mecanismo de la forma más general posible. Para ello,
hemos parametrizado el Yukawa de Dirac efectivo en términos 5 exponentes
relacionados con el número de loops, las inserciones de masa y el número de
acoplamientos dimensionales y adimensionales. Variando estos parámetros,
encontramos que los límites de nucleosíntesis primordial (BBN) y ∆Neff
descartan una gran parte de los posibles modelos, mientras que varias de
las realizaciones restantes están al alcance de futuras búsquedas de nueva
física y experimentos. Por último, hemos construido y estudiado dos ejem-
plos en detalle, una realización a un loop y otra a dos loops con un fermión
interno del Modelo Estándar. Para ambos casos, se encuentra un valor
máximo de la masa del neutrino dextrógiro MR considerando que el modelo
tiene que generar una masa de neutrinos a la escala atmosférica, i.e. aprox-
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imadamente 0.05 eV. A su vez, se tiene una cota mínima de 1 GeV sobre
MR procedente de nucleosíntesis primordial (ver figura V). También hemos
estimado las cotas debidas a las búsquedas de violación de sabor leptónico
en µ → eγ. En estos modelos existen dos escenarios extremos suponiendo
que toda la mezcla de los neutrinos sea explicada por el Yukawa más ex-
terno que conecta con L, YL, o el más interno asociado a νR, YR, siendo el
resto de Yukawas diagonales. Se observa que ambas condiciones establecen
un pequeño rango masas permitidas por el límite experimental de µ→ eγ,
capaz de reproducir los datos de oscilaciones de neutrinos y suponiendo
todos los acoplamientos dentro del régimen perturbativo. Esto excluiría
masas escalares menores a 4 TeV, llegando aproximadamente a 6 TeV si no







Figura IV: Seesaw efectivo de tipo-I. El Yukawa de Dirac Yν se genera
radiativamente, suprimiendo de forma natural la masa de los neutrinos, no
solo mediante la masa de Majorana de νR, como en el seesaw clásico, sino
también con la supresión debida a los factores de loop.
Fenomenología
Por último, los tres capítulos restantes se centran completamente en la
fenomenología. En estos hemos estudiado distintos tipos de señales y límites
que se pueden aplicar a los modelos radiativos de masas de neutrinos de
dimensión 7 a un loop, a tres conocidos modelos mínimos a tres loops y,
finalmente, hemos analizado un caso particular de decaimiento doble-β sin
emisión de neutrinos, pero acompañado de la emisión de un escalar ligero.
Primeramente, en el Capítulo 8 hemos estudiado en detalle la rica feno-
menología de los modelos de masa de neutrinos de dimensión 7 a un loop
tratando de derivar conclusiones generales utilizando datos del LHC y re-













































































































































Figura V: Escala de masa de los neutrinos para los ejemplos de modelos
a un loop (izq.) y dos loops (der.) descritos en la Sección 7.3. La línea
discontinua corresponde al caso en donde la masa de escalares y fermiones
coincide, mientras que la línea continua describe el caso donde la masa de los
fermiones es igual a MR. BBN excluye las masas entre MR > (0.1− 1) GeV
para esta clase de modelos. La región de parámetros que se halla aproxi-
madamente por debajo de la línea de matm, no sería capaz de explicar la
escala de masa de neutrinos correctamente, ya que necesitaría acoplamientos
no perturbativos.
partimos de la base del Capítulo 3 y consideramos el modelo genuino mínimo
que hemos encontrado dentro de esta clase, realizable con representaciones
iguales o inferiores al triplete, así como un ejemplo de un modelo con un
solo cuadruplete. Como ya se explicó en el Capítulo 3, esta clase de modelos
siempre contiene grandes representaciones e hipercargas para ser genuinos,
es decir, partículas con cargas eléctricas muy altas. A su vez, existe un límite
superior a las masas de 2 TeV, siempre y cuando se suponga que estos mod-
elos son dominantes. Hemos estudiado las cotas provenientes de los datos
de oscilación de neutrinos, las búsquedas de violación del sabor leptónico
y del LHC. Hemos observado que ajustando los datos de neutrinos gran
parte del espacio de parámetros queda excluido por la violación del sabor
leptónico, mientras que la precisión esperada de los futuros experimentos
debería ser capaz de testear casi todo el espacio de parámetros. Además, las
cotas debidas al LHC excluyen una parte considerable del rango de masas
capaz de explicar los datos experimentales, llegando en algunos casos a co-
tas por encima del límite fenomenológico de 2 TeV considerando una futura
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Multip. Señal de LNV Partícula Modelo Masas
4 (6) l±l± +W∓W∓ S±±, φ±±1 , φ±±2 Q m < 1.4 TeV
6 (8) l±l±l± +W∓W∓l∓ χ3+2 Q m < 2.6 TeV
6 (10) l±l±W± +W∓W∓W∓ S3+, φ3+2 Q m < 2.0 TeV
8 (10) l±l±l±l± + l∓l∓W∓W∓ η4+3 T m < 2.5 TeV
8 (12) l±W±W±W± + l∓l∓l∓W∓ χ4+2 Q m < 3.2 TeV
8 (14) l±l±W±W± +W∓W∓W∓W∓ – – –
Tabla I: Lista de estado finales simétricos con LNV. La primera y segunda
columna muestran la multiplicidad y la señal correspondiente de LNV, re-
spectivamente. Sin paréntesis se cuenta el número de campos en el estado
final con W ’s, y con paréntesis considerando que estos decaen a dos jets.
Hemos separado el estado final en dos grupos de partículas, cada uno viene
del campo dado en la tercera columna, producido siempre en pares en el
LHC, y perteneciente al modelo del triplete o del cuadruplete (T o Q en
la cuarta columna, ver Sección 8.1). La última columna es una estimación
aproximada del rango de masas que podría probarse en el LHC con una
luminosidad de 300/fb.
luminosidad de 300/fb en el LHC (ver tabla I). Esto se debe a que estos
modelos, al ser Majorana, violan número leptónico (LNV), en combinación
con las partículas de alta carga eléctrica que contienen, proporcionan unas
señales muy característica, con muy alta multiplicidad y leptones del mismo
signo, con un fondo muy bajo del Modelo Estándar en colisionadores.
Seguidamente, en el Capítulo 9, hemos estudiado tres modelos mínimos
de masa de neutrinos de Majorana a tres loops. Estos modelos se conocen
popularmente en al literatura como modelo cóctel, el modelo KNT y el
modelo AKS. Llamamos a estos modelos “mínimos”, ya que su contenido
de partículas corresponde al contenido mínimo de partículas para el que se
pueden construir modelos genuinos de tres loops. Nos hemos centrado en
la fenomenología de la violación del sabor leptónico (CLFV), pues de esta
provienen las cotas más restrictivas a estos modelos. En los tres modelos
mínimos, la matriz de masa de neutrinos es proporcional a alguna potencia
de las masas de los leptones del Modelo Estándar, lo que proporciona un
factor de supresión adicional, además de la supresión esperada debida a
los tres loops. En consecuencia, para explicar correctamente las masas de
los neutrinos, se necesitan valores elevados de Yukawas, lo que dispara el
valor que estos modelos predicen para la violación de sabor leptónico. Los
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modelos sobreviven solo en ciertas regiones del espacio de parámetros muy
restringidas donde aparecen polos en alguna o varias de las señales de CLFV.
Hemos observado que solamente sobreviven elecciones muy particulares de
las fases de Dirac y Majorana para un rango estrecho de la masa del neutrino
más ligero considerando los actuales límites provenientes de LEP y LHC (ver
figura VI para el modelo cóctel). Finalmente, hemos concluido que esta
clase de modelos, si aún no se han excluido, están severamente restringidos.
Además, abre la posibilidad de testear algunos de los modelos en futuras
actualizaciones experimentales de CLFV o experimentos de desintegración
doble-β.
Figura VI: Espacio de parámetros permitido de α12, α13 y mν1 para el
modelo cóctel. Los datos de oscilaciones de neutrinos se han escaneado
en un rango de 3σ, excepto δ que se ha tomado al valor esperado. Todos
los puntos mostrados reproducen los datos de neutrinos, están por debajo
de los límites experimentales de CLFV y no contienen acoplamientos no
perturbativo.
Por último, en el Capítulo 10 discutimos un modo novedoso de desin-
tegración doble-β sin emisión de neutrinos, pero con la emisión de una
partícula escalar ligera φ, llamada comúnmente Majoron en la literatura, y
que denotamos por 0νββφ. Para ello, hemos introducido un operador de
dimensión 7 con una corriente leptónica vector-axial dextrógira asociado al
escalar φ, ūγµ(1±γ5)d ēγµ(1+γ5)ν φ. De esta forma, el decaimiento se pro-
duce a través de una contribución de largo alcance que no está suprimida
por la masa de los neutrinos ligeros, emitiendo en el proceso un escalar φ y
dos neutrinos con quiralidades opuestas (ver figura VII). Hemos calculado
las expresiones analíticas de las tasas de decaimiento total y diferencial aso-
ciadas a este proceso. Con ello, hemos obtenido límites a los operadores
considerados, así como caracterizado el proceso mediante las distribuciones
de decaimiento para la energía cinética total y de un solo electrón (ver figura
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VIII). Hemos concluido que las búsquedas futuras de decaimiento doble-β
son sensibles a escalas del orden de 1 TeV para una masa escalar ligera por
debajo de 0.2 MeV. También, hemos observado que mientras que en la dis-
tribución en función de la energía cinética total la desviación respecto a la
emisión clásica de un Majoron es pequeña, la de un solo electrón presenta
un valle muy característico en la distribución, debido a las quiralidades de
los electrones, y cuyo máximo tiende al eje de abscisas, consecuencia de
la emisión conjunta con el escalar. Una observación similar se obtiene si
se representa la distribución angular del proceso. Esto podría utilizarse
experimentalmente para mejorar la sensibilidad mediante criterios de selec-
ción cinemática, contrarrestando el efecto de la distribución de energía total
menos pronunciada. Por ejemplo, sería posible requerir que cualquiera de
los electrones en un evento de señal tenga una energía cinética mayor de
la mitad de la máxima posible, esto reduciría la tasa de 0νββφ solo en un
factor de 2, pero suprimiría la tasa de 2νββ en un factor de 20. Este estu-
dio supone un aliciente para futuros experimentos de decaimiento doble-β
dedicados a la búsqueda de nueva física en el análisis de la distribución de





























Figura VII: Diagrama del decaimiento con emisión de Majoron estándar
0νββJ (izq.), modo de decaimiento estudiado en esta tesis (centro) y posible
realización ultravioleta en el modelo Left-Right (der.).
Conclusiones
En resumen, hemos presentado y discutido una gran variedad de mode-
los de masa de neutrinos radiativos desde un punto de vista fenomenológico
y teórico de construcción de modelos. Los hemos clasificado prestando es-
pecial atención a su fenomenología, de esta forma se han obtenido clases
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Figura VIII: Distribución de decaimiento normalizada en función de la en-
ergía cinetica total de los electrones para el 136Xe (izq.). Distribución de
decaimiento normalizada respecto a la energía cinética de un solo electrón
para el 82Se (der.). Las líneas continuas azules y discontinuas rojas corre-
sponden al mismo modo de emisión pero considerando corrientes hadrónicas
dextrógiras o levógiras, respectivamente. Para comparar, se representa la
distribución del Modelo Estándar para 2νββ y la distribución del Majoron
ordinario 0νββJ .
de modelos con características y señales similares. Se han analizado en
detalle escenarios o modelos específicos, especialmente interesantes por su
fenomenología y/o sencillez. En la mayoría de casos, los modelos radiativos
se presentan como una buena opción para explicar la pequeñez de las masas
de los neutrinos de una forma natural, así como otros problemas del Modelo
Estándar como la materia oscura, que puede ser fácilmente introducida en
estos modelos. A su vez, al no requerir una escala de energía excesivamente
alta para explicar los datos experimentales, los modelos radiativos ofrecen
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